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Preface by Jean-Pierre Petit (France)

The year is 2024. Do the math. I was born in 1937. As I write these lines, I will be 87
years old. Time passes so quickly that by the time you read these lines I may no longer
be of this world. I'm writing these pages, and I think Hicham feels the same way, like
throwing a bottle into the sea, containing a message of appeal.

As I write these lines, the Janus team is down to three men. Apart from Hicham,
born in 1979, there's a young mathematician, David, born in 1985, and that's all. And
in 2022, I was the sole Janus project manager. These two joined me after listening to
a lecture I gave in January 2023, in Paris.

I feel like saying: what's going on in the scienti�c world?

As you know, more than a century ago, the scienti�c world underwent the upheaval
resulting from the sudden emergence of two new disciplines: quantum mechanics and
cosmology. So, for the next seventy years, scienti�c progress followed one another at
a fantastic pace. Either theorists provided explanations for long-known phenomena,
such as the advance of Mercury's perihelion, which Newtonian mechanics was unable
to account for. Or they were new observations, such as the discovery of the expansion
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Preface by Jean-Pierre Petit (France)

of the universe, which the Russian Alexander Friedman was quick to account for by
producing the �rst unsteady solution to the equation introduced by Einstein in 1915,
which now forms the basis of this new worldview, general relativity.

Occasionally, theorists come up with a new vision, proposing strange objects that
they use to make their calculations more balanced. An example is antimatter, the ex-
istence of which was conjectured by Englishman Paul Dirac in 1928.

Anecdotally, let's quote the reaction of Dane Niels Bohr, after reading this article:
"This theory seems ideal for capturing elephants in Africa. We hang Dirac's article

on a tree. An elephant comes along and reads Dirac's article. It's so amazed that it's
easy to capture."

But Nature proved to be Dirac's good friend, and in 1931 con�rmed the existence of
antielectrons in cosmic rays. At the time, we were unable to recreate this antimatter in
particle colliders. Gamma-ray photons from the depths of the cosmos were transformed
into an electron-anti-electron pair, an object known as a positron.

This revolution, described as a paradigm shift, began in 1895, with discoveries made
by Conrad Röntgen, Henri Becquerel and J.J. Thomson, heralding the dramatic entry
of particles and atomic phenomena onto the scienti�c scene. For decades, theorists on
one side, experimenters and observers on the other, resembled two groups of thorough-
breds galloping side by side, some a short neck ahead of others.

All this continued for a very few decades after the Second World War. Among these
major discoveries was the accidental discovery, in 1967, of the cosmic ray background,
a population of low-energy photons, providing evidence that a fantastic annihilation of
pairs of matter and as much antimatter had occurred, at the beginning of the universe.

At the end of the 1960s, cosmologists were preoccupied with determining the average
density of the universe. If this was greater than 10−29 grams per cubic centimeter, then
the universe was evolving in a cyclical fashion. After a phase of expansion, it collapses
in on itself, producing a Big Crunch. If this density is lower, then in the distant future
of the universe galaxies will move away from each other, inde�nitely, at speeds that
will become constant. And if this density were equal to this value, then let's say that
evolution lies between these two extremes.

I remember this perfectly: it was at this time that I began my research career, at
the end of the sixties.

What happens next? Very quickly, the mechanics went haywire and everything went
from bad to worse.
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The theorists of particle physics, which came into being as the century progressed,
thanks to the increased energies brought into play in gas pedals, predicted the appear-
ance of new objects, which they called superparticles.

But nothing happened.

At the dawn of the eighties, to account for the rotation speed of stars in galaxies,
and to explain why centrifugal force doesn't cause them to explode, the existence of
dark matter, accounting for four-�fths of the mass, was proposed.

In 1989, observations by the COBE satellite revealed the extreme homogeneity of
the early universe. To justify this, a young Russian, Andreï Linde, proposed his theory
of in�ation, according to which the universe, when it was only 10−33 second old, un-
derwent a sudden expansion by a factor of 1026, caused by a new �eld, made up of new
particles to which we give the name of in�atons.

Today, there are as many models of in�atons as there are researchers who specialize
in this �eld.

In 2011, a Nobel Prize was awarded for another discovery: that of the accelera-
tion of cosmic expansion, attributed to dark energy. Translating its importance using
Einstein's expression E = mc2, this time 75% of the cosmic content escapes observation.

In 2024, as I write these lines, there is no credible model of dark energy.

When all is said and done, ordinary, observable matter now accounts for just 4% of
the cosmic soup.

Various candidates have been proposed for dark matter, the main one being that
representative of the hypothetical superparticle family, the neutralino. But not only
is it impossible to make it appear in powerful colliders, it also eludes all attempts at
detection in costly experiments carried out in tunnels and mines, protected from cosmic
radiation by a thick layer of rock.

And on the theoretical front?

At the turn of the seventies, when the lack of results from high-energy physics exper-
iments, prompted a new paradigm shift, a group of researchers proposed representing
both material particles and those associated with radiation by a new model, made up
of vibrating strings, open or closed. The majority of theorists embarked on what they
saw as a new and promising path. Research and teaching posts were created in every
country. Teams were formed. The players at the heart of this movement went so far as
to dream of building a theory of everything.
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This current of thought gave rise to mountains of articles and doctoral theses.

What's the situation at the dawn of the third millennium?

Nothing: the mountain is giving birth to a mouse.

The current situation is reminiscent of Hans Christian Andersen's short story "The
Emperor's New Clothes". When, at the end of the story, a child writes: "he's naked!"

Hicham's book is the story of a paradigm shift project, which can be summed up in
one sentence: The universe is made up of positive and negative masses

Why not, after all?

But this idea is like a thread, sticking out. We pull on this thread: a string follows.
You pull on the string, and a rope is attached. You pull on the rope, and a heavy cable
follows, whose pull shakes the edi�ce.

What building? Albert Einstein's sacrosanct general relativity, whose equation is
carved in stone in physics institutes the world over.

Does this mean that the theory is false? No. It's only one side of the coin. It must
be integrated into a system of two coupled �eld equations. In the pages of this book
you'll �nd all that has emerged from this sacrilegious idea.

In January 2023, for forty years, I have been the only one to carry out this weighty
project. I give a conference in Paris, which is attended by David and Hicham.

David is a young mathematician. Although he has a doctoral thesis, he is not at-
tracted by the tensions of the research world and prefers to teach mathematics in a
university setting.

It's sometimes said that it's researchers who take over ideas. In truth, the opposite
is true. It's the ideas that take hold of the researchers. The idea of a di�erent topology
of the universe, the basis of my Janus model, has taken hold of David. For the past ten
months, he has been �ghting to publish the mathematical basis of this model in math-
ematical physics journals. Perhaps by the time you read these lines, these publications
will �nally have taken their place in these top-level journals. If so, the trap will be in
place, and we hope that other mathematicians will fall into it.

New ideas are like the traps used in Africa to capture small monkeys. A hollow
shell is placed within reach, with a hole drilled in it. Inside the shell is a piece of fruit,
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which they love, but whose diameter is exactly that of the hole. This means that when
the monkey slips his hand into the hole, it's impossible for him to pull out both the
hand and the fruit. I myself fell victim to a similar trap forty years ago. A passing idea
took hold of me and took possession of my neurons. When an idea is logical, functional
and fruitful, it's very di�cult to get rid of it. And, �nally, if that idea is consistent
with observations, rejecting it simply becomes impossible, which complicates your life a
great deal by making you a kind of mutant, an outsider within your scienti�c community.

Unless you decide to stay in the labyrinth.

In 1959 an Englishman, Arthur Koestler, wrote a liter entitled: "The sleepwalk-
ers". He wrote of scientists as people who walk in their sleep, eyes closed, both hands
outstretched to �nd their way. They are walking, unknowingly, in a labyrinth. Not
understanding how it's constructed, they sometimes pass by a wide-open door without
being able to see it, as they embark on a path that turns out to be a dead end.

This idea is not new. A similar, more static idea can be found in Plato's myth of
the cave.

Let me now turn to what happened to Hicham Zejli. In January 2023, while work-
ing as a computer engineer for a French company, he was intrigued by the content of
a lecture I was giving in Paris on my cosmological model Janus. He watches the thirty
videos I created in 2017 and reads all the books related to the topic to present the main
features of this model. He redoes all the calculations he �nds in the pdf �les I've placed
on the Internet, and which accompany my videos. And then the trap closes.

If you read his book, beware! You may fall victim to it yourself. These pages may
lead you to open your eyes and climb up one of the walls of the labyrinth. Then you'll
see the world of science di�erently. As was the case with Hicham, you will suddenly
perceive people, sometimes awarded the most prestigious prizes, wandering like sleep-
walkers, going round and round in a loop of the labyrinth.

Models that have been accepted by the so-called scienti�c community will then ap-
pear to you as the obvious consequence of blatant miscalculations. You'll see how these
somnambulists pass over and over again new, wide-open paths, magni�cently in tune
with a mass of observation, unable to see them, clinging to ideas that are no more than
planks, rotten, feverishly nailed to the breaches that the reefs of harsh reality have
caused in a standard model that is leaking on all sides.

And you'll want to cry out, like the Andersen character, "the king is naked!"

The work Hicham has accomplished in less than a year is considerable, and this
despite the fact that he has done it all outside his professional activities, in what could
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be described as his spare time. In twelve months, he has understood and assimilated in
depth, rather than super�cially, an astonishing mass of things relating to the various
�elds a�ected by my Janus model. I've never seen anyone swallow and digest so much,
so complex, in so little time.

Becoming the �rst chronicler of this fantastic adventure that is the Janus model
and all that �ows from it, he bears witness to it in this book, which had to be written.
He has already been actively involved in writing articles for months, and doesn't want
to miss a thing of this adventure. More than a witness, he wants to be one of the players.

To ensure the widest possible distribution, the book he has written is in the form
of freely downloadable PDFs, in all languages, and should continue to be developed in
this spirit. What's special about knowledge is that once it's given, it can't be taken
back, and to a certain extent, it's di�cult to make it your own.

The image is of three men perched on a makeshift raft, placing messages in bottles
in di�erent languages, and releasing them into the random currents of the sea.

By the time you read these lines, I may no longer be with you. Time passes so
quickly. What will become of all this? I don't know.

I have a vague feeling that humanity today has an appointment with its destiny, that
beyond this cosmological model lies a di�erent, even more vast vision of the universe.
To illustrate this, I'd like to quote the end of Andréi Sakharov's 1975 Nobel Peace Prize
acceptance speech. Words I make my own:
"Thousands of years ago, human tribes su�ered great hardship in their struggle for ex-
istence. At that time, it was important not only to know how to wield a club, but to
possess the ability to think intelligently, to take into account the knowledge and experi-
ence accumulated by the tribe, and to develop the bonds that would lay the foundations
for cooperation with other tribes. Today, the human race faces a similar test. Many civ-
ilizations could exist in in�nite space, including societies that might be wiser and more
"successful" than our own. I support the cosmological hypothesis that the development
of the universe repeats itself an in�nite number of times, according to essential charac-
teristics. Other civilizations, including some of the most "successful", are inscribed an
in�nite number of times on the "next" or "previous" pages of the Book of the Universe.
Nevertheless, we should not minimize our sacred e�orts in this world, where like faint
gleams in the darkness, we have emerged for a moment from the nothingness of obscure
unconsciousness to material existence. We must respect the demands of reason and
create a life worthy of ourselves and of the goals we barely perceive."

Jean-Pierre Petit, citizen of the world - jean-pierre.petit@manaty.net
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Hicham ZEJLI - Born on September 22, 1979 - French Nationality
Master of Engineering, Graduate from ENSISA - hicham.zejli@manaty.net
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Chapter 1

Introduction

1.1 Presentation of the Context & Objectives of the

Book

In the current landscape of cosmology and theoretical physics, exploring new models to
explain observed phenomena in our universe continues to be a vibrant and contentious
�eld of research. This book proposes to explore and present an innovative and rev-
olutionary cosmological model, the Janus Cosmological Model (JCM), developed by
physicist Dr. Jean-Pierre Petit.

As an engineer with an advanced background in mathematics and physics, I iden-
ti�ed in the study of the Janus Cosmological Model, an innovative and intellectually
enriching approach to explore and interpret some of the most enigmatic phenomena of
the universe. This approach also paves the way for the development of multiple prac-
tical applications at local scales, drawing on the fundamental principles derived from
this model.

This book aims to achieve two main objectives:

Firstly, to provide a detailed explanation of the Janus Cosmological Model, its
foundations, and its implications through some studies, accessible to scientists with a
background like mine, namely an advanced level in mathematics and theoretical physics.

Secondly, despite an intense, enriching, and diverse collaboration within our team, I
would like to emphasize the marked contrast caused by the lack of communication with
the referees consulted by major peer-reviewed journals. This situation highlights the
challenges that innovative ideas can face in emerging and re�ning without signi�cant
dialogue among researchers.
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CHAPTER 1. INTRODUCTION

1.2 Brief Introduction to the Janus Cosmological Model

& Its Importance

The Janus Cosmological Model (JCM) stands out in the landscape of theoretical physics
with its bold proposition: to describe the universe as a Riemannian manifold with two
metrics. This construction is based on Einstein's theory of general relativity and inte-
grates elements from particle physics and symplectic geometry. The model takes root
in the works of Andrei Sakharov and Jean-Marie Souriau, establishing a link between
time inversion, energy inversion, and consequently, mass inversion.

One of the major contributions of the model is its ability to address the problem
of the baryonic asymmetry of the universe. This issue, at the heart of current debates
in cosmology, concerns the observed predominance of matter over antimatter, defying
the predictions of the Big Bang model. The Janus Cosmological Model o�ers a new
perspective on this problem by postulating the existence of a bimetric universe from
the same singularity which is dominated by matter and antimatter.

The originality of the model also lies in its bimetric approach to the universe, where
two "layers" of space-time interact through gravitational e�ect, o�ering alternative ex-
planations for phenomena such as dark energy, dark matter, and potentially opening
new understandings of interstellar travel.

In summary, this book aims to present this model as an innovative approach, chal-
lenging current perspectives in cosmology and theoretical physics, and inviting deep
re�ection on the unexplored possibilities of our understanding of the universe.
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Chapter 2

Theoretical Foundations

2.1 Newton's Law of Gravitation

Newton's law, formulated in Euclidean space, states that when a mass m is subjected
to the in�uence of the gravitational force G generated by another mass M , this force F
is inversely proportional to the square of the distance d that separates the two masses,
and it can be expressed by the following equation:

F =
G ·m ·M

d2
(2.1.1)

The larger the masses, the greater the force, but this force decreases rapidly as the
distance increases due to the d2 term in the denominator. This law is essential for
understanding gravity and the movements of celestial objects.

In physics, this law of gravitation has been fundamental in understanding grav-
itational interactions between celestial bodies, from Earth to planets and stars. It
remains a foundational law of classical mechanics and has played a crucial role in the
development of astronomy and astrophysics. It has also been con�rmed by numerous
observations and experiments over the centuries, further reinforcing its validity in un-
derstanding the universe.

However, while Newton's gravitational law has proven to be remarkably powerful
and precise in numerous scenarios, it began to reveal its limitations when applied to
situations involving speeds approaching the speed of light and phenomena at an as-
tronomical scale. This marked the point at which Albert Einstein's Theory of Special
Relativity emerged, heralding a paradigm shift in our understanding of the fundamental
concepts of space, time, and gravitation. In the ensuing section, we will meticulously
delve into the foundational principles of Special Relativity, which will lay the ground-
work for our subsequent exploration of General Relativity. This will lead us towards a
more profound comprehension of the intricacies of the cosmos.
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2.2 Introduction to Special Relativity

In the early 20th century, physics underwent a conceptual revolution that would chal-
lenge the foundations established by Sir Isaac Newton in the 17th century. As obser-
vations and experiments became increasingly precise, anomalies emerged when dealing
with speeds close to that of light and extreme cosmic environments. In this context,
Albert Einstein's Special Relativity made its entrance, disrupting our traditional un-
derstanding of space, time, and gravity.

2.2.1 Minkowski Spacetime & Proper Time

Special Relativity invites us to abandon the idea that the universe unfolds in a three-
dimensional Euclidean space where time is a separate entity. Instead, it presents a
model in which we reside in a hypersurface of four dimensions, where the three dimen-
sions of space are perpendicular to a temporal dimension. This fusion of space and time
forms what is known as Minkowski spacetime, with a metric signature of (−+++)1.

To better grasp this concept, envision a point M moving in this spacetime described
by two coordinates: time (t) and spatial position (x). As this point evolves, a neighbor-
ing point M ′ corresponds to slightly modi�ed values: (t+dt, x+dx), where dt and dx
represent small increments of time and space. If we consider that this increment occurs
along a trajectory described by x = ct (where c is the speed of light), then dx = cdt.

At this juncture, we introduce the concept of "proper time". The quantity s, known
as proper time, is a measure of time that governs the life of an object moving at a
velocity v. To calculate s, we use the equation:

ds2 = c2dt2 − dx2 (2.2.1)

This equation demonstrates how proper time (s) is related to changes in time (dt)
and space (dx) when an object moves at a velocity v = c. It also reveals that proper
time can vary based on the velocity and trajectory of the object, leading to phenomena
such as time dilation.

In Einstein's theory of special relativity, time is not absolute but depends on the
relative velocity of the observer. The next mathematical development describes the
relationship between the proper time τ , which is the time measured by the clock in
motion (onboard the spaceship), and the coordinate time t, which is the time measured

1The metric signature is an important characteristic of spacetime that indicates how time and space
intervals are combined in the equations of special relativity. In this (−+++) signature, the �rst term
corresponds to the time interval, which is subtracted from the three subsequent terms corresponding
to space intervals. This means that time has a negative sign in the metric, while the three spatial
dimensions have positive signs. This speci�c signature is crucial for understanding how distances and
time intervals are measured within the framework of special relativity.
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by the clock that has remained on the ground (at rest with respect to the observer).

s = cτ ⇒ ds = cdτ ⇒ c2dτ 2 = c2dt2 − dx2

⇒ dτ 2 = dt2 − 1

c2
dx2 ⇒ dτ 2

dt2
= 1− 1

c2

(
dx

dt

)2

⇒ dτ 2

dt2
= 1− v2

c2
⇒ τ = t

√
1− v2

c2

(2.2.2)

This implies that in a scenario where t represents the time measured by a station-
ary observer equipped with a ground-based clock, and v is the velocity of an object
equipped with an onboard clock moving at this speed relative to this assumed stillness,
then the proper time τ that will elapse in this object will be a�ected by time dilation

described by
√

1− v2

c2
known as the "Lorentz factor".

2.2.2 The Speed of Light as a Limit

It is important to note that in this spacetime, the speed of light is constrained by the
properties of spacetime (along with its contents) in which it propagates.

Indeed, if we assume that x represents the spatial coordinate, t is the time coordi-
nate, and c is the speed of light, then we can de�ne a velocity v using the expression
v = dx

dt
.

Starting with the hypothesis that the proper time variation is always greater than
or equal to 02, it follows that the speed of light in a vacuum is the ultimate speed limit
for objects in motion with a positive rest mass, as v ≤ c. Photons, in contrast, follow
trajectories for which v = c, leading to unique properties associated with light.

Special Relativity is a theory con�ned to the study of inertial reference frames,
speci�cally those in uniform rectilinear motion (in spaces without curvature, moving in
straight lines at a constant velocity).

2.2.3 Fundamental Concepts

Special relativity is primarily based on three concepts:

� Postulate of the Invariance of the Speed of Light: This postulate asserts
that the speed of light in a vacuum is a universal constant, and it remains the same
for all observers, regardless of their relative motion. In other words, the speed of
light cannot be added to or subtracted from an observer's velocity. This funda-
mental idea was con�rmed by the famous Michelson-Morley experiment ([40]).

2ds2 = c2dt2 − dx2 ≥ 0

12
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� Cosmological Principle: The cosmological principle posits that the universe is
homogenous and isotropic. This means that its properties are uniform and identi-
cal in all directions and scales. This principle allows us to extend the application
of the laws of special relativity to the cosmic scale, considering the universe as a
whole.

� Principle of Special Relativity: The principle of special relativity asserts that
the laws of physics are consistent in all inertial frames of reference. Inertial frames
are those moving at a constant velocity relative to each other. This principle
generalizes Galileo's concept of relativity and challenges the notion of an absolute
reference frame. It demonstrates that the laws of physics remain consistent and
invariant, regardless of the relative velocities of observers.

2.2.4 The Equivalence of Mass & Energy

One of the most iconic equations in the realm of physics is Albert Einstein's mass-energy
equivalence equation. This equation signi�es a profound connection between mass (m)
and energy (E), revealing that they are interchangeable in the universe.

Albert Einstein's groundbreaking insight, which led to the formulation of this equiv-
alence, emerged from his special theory of relativity. In this theory, Einstein postulated
that energy and mass are intrinsically linked, and the equation serves as the keystone
of this union.

The equation's core concept is straightforward: it states that the energy (E) of an
object is directly proportional to its mass (m), with the speed of light in a vacuum (c)
as the proportionality constant. Mathematically, it can be expressed as:

E = mc2 (2.2.3)

Let's explore this equation further through a simple example. Suppose we have a
small object with a mass of 1 gram (0.001 kilograms). By applying Einstein's equation,
we can calculate the energy equivalent of this mass:

E = (0.001 kg)× (3× 108m/s)2 = 9× 1013 joules (2.2.4)

This astonishingly large amount of energy underscores the profound impact of Equa-
tion 2.2.3. It demonstrates that even a small mass can produce an enormous amount
of energy when converted using this equation. This equation plays a pivotal role in
understanding nuclear reactions, such as those occurring in stars and nuclear power
plants, where tiny mass changes result in substantial energy releases.

Einstein's equation, with its capacity to bridge mass and energy, remains a corner-
stone of modern physics, profoundly in�uencing our comprehension of the universe's
workings.

While Special Relativity has allowed us to explore fascinating aspects of the cosmos
by guiding us through journeys at speeds close to that of light and revealing how

13
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spacetime bends in response to our motion, it is con�ned to a speci�c framework, that
of inertial reference frames and uniform rectilinear motions. However, what happens
when gravity comes into play? How does the structure of spacetime evolve in the
presence of massive objects or signi�cant curvature? This is where Albert Einstein's
General Relativity takes over in the next section.

2.3 Introduction to General Relativity

2.3.1 A Revolution in Physics

The law of Newton is a theory that works well in many situations as explained on Sec-
tion 2.1, but it cannot explain certain phenomena observed at speeds close to that of
light or in the presence of strong gravitational �elds. Albert Einstein's General Relativ-
ity (GR) is a more comprehensive theory that encompasses these gravitational e�ects.
General Relativity, a cornerstone of modern physics, revolutionized our understanding
of gravity and the universe. Proposed by Albert Einstein in 1915, this theory is based
on the principle that gravity is a manifestation of the curvature of space-time, induced
by the presence of mass and energy. The Einstein �eld equation, at the heart of this
theory, describe how matter and energy in�uence the geometry of space-time and, in
turn, how this curved geometry guides the motion of matter and energy.

Indeed, the Einstein �eld equation, published for the �rst time on November 25,
1915, is the main partial di�erential equation of general relativity:

Gµν = Rµν −
1

2
gµνR =

8πG

c4
Tµν (2.3.1)

It is a dynamic equation that describes how matter and energy modify the geometry
of space-time. This curvature of geometry around a matter source is then interpreted
as the gravitational �eld of that source. The movement of objects in this �eld is
very precisely described by their geodesic equation. The metric gµν produces a family
of geodesics. It is noteworthy that particles with positive or negative gravitational
mass would behave in the same way by following the same geodesics when de�ected
by the gravitational potential created by a signi�cant mass M , for example in Earth
or solar gravity. Thus, a massive object, such as a star, in�uences spacetime not
only through its mass but also through the energy it emits, like radiation. In general
relativity, the energy of an object - including its rest mass energy represented by mc2

and any additional forms of energy like radiation - contributes to the gravitational �eld
it produces. This combined energy-mass contribution is what curves spacetime around
the object. Its second term accounts for the content of the universe at every point in
space-time :

� If it is non-zero, then the geometric solution that emerges from this equation
will describe the interior of a mass.

14
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� If it is zero, the solution induced by this equation will refer to a completely
empty portion of the universe around this mass.

2.3.2 Observable E�ects & Experimental Con�rmations

Among the phenomena explained by GR is the deviation of the plane of rotation of the
planet Mercury when it is closest to the Sun, known as the precession of the perihelion.
This phenomenon was measured with a precision of 45 seconds of arc per century, a
value that could not be accounted for by Newton's law.

Figure 2.1: Precession of Mercury's perihelion

Another observed phenomenon is the apparent bending of light around the Sun.
During the solar eclipse of 1919, Sir Arthur Eddington noticed that light rays appeared
to bend around the Sun. In reality, these light rays follow the shortest paths in curved
spacetime, known as geodesics. This apparent bending of light is due to the deformation
of spacetime caused by the presence of mass, an e�ect that GR accurately explained
([22]).
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Figure 2.2: Con�rming Einstein's Theory with Starlight Bending During Solar Eclipse

These phenomena are considered non-linear because they can only be explained by
the theory of GR. However, under conditions where relativistic e�ects are negligible,
Newton's law can provide valid approximations. GR has thus expanded our under-
standing of gravity beyond the limits of Newton's law, paving the way for a better
understanding of gravitational interactions on a large scale and at high speeds.

2.3.3 Geometry of Spacetime & Geodesic Equation

Let's recall Einstein's equivalence principle regarding an inertial frame in free fall:

"In a gravitational �eld, it is always possible at any point in spacetime to
choose a locally inertial coordinate system such that, in a su�ciently small
region, the laws of physics are identical to those in the absence of gravity."

In this free-falling frame of reference, the inertial force experienced by a freely falling
body cancels out the gravitational force, meaning that the object is not subject to any
force (a state of weightlessness). Therefore, the inertial frame is the fundamental frame
for studying interacting objects (referred to as the frame of special relativity) before
analyzing them in a second Galilean frame known as the "laboratory frame", where these
objects are subject to the e�ects of gravity. This latter frame is, in fact, accelerated
upwards (a = −g) relative to the natural inertial frame (imagine that "the ground on
Earth is accelerating you upwards").

In the theory of special relativity, an inertial frame is described by the Minkowski
metric, which is a mathematical representation of �at spacetime. This metric applies
in regions where the e�ects of gravity are absent. In such a context, object paths are
determined by the equations of motion derived from the principles of special relativity.
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While "geodesic" is used in general relativity for curved spacetime under gravity, in
Minkowski metric of special relativity, these paths are better described as straight lines
representing constant velocity motion. In this framework, objects in inertial frames
move in straight lines at constant velocity, a special case of a geodesic in �at spacetime.

Inertial Frame and Coordinates

First of all, let's position ourselves in this inertial frame and de�ne the coordinates of a
point mass in this frame: We consider the coordinates ξα with ξ0 = ct, ξ1 = x, ξ2 = y,
ξ3 = z within the framework of our analysis. Since this body is not subjected to any
force (constant velocity), we can deduce that:

d2ξα

dτ 2
= 0 (2.3.2)

With
dτ 2 = cdt2 − dx2 − dy2 − dz2 (2.3.3)

Where τ corresponds to the metric or interval in this space, which we could also denote
as s, and it's important to note that this metric is invariant regardless of the reference
frame.

Coordinate Transformation to an Accelerated Laboratory Refer-

ence Frame

Let's apply now a coordinate transformation into a new Galilean laboratory reference
frame that is "accelerated upward" relative to the previous inertial reference frame :

xµ(x0, x1, x2, x3)

However, each coordinate of the new Galilean frame depends on the coordinates of
the inertial frame and vice versa:

xµ(ξ0, ξ1, ξ2, ξ3), ξµ(x0, x1, x2, x3)

And it must be remembered that ξ depends on τ :

ξµ(τ)(x0, x1, x2, x3)

So, each parameter of ξ in the new reference frame also depends on τ . Therefore,
we can deduce that:

dξ0

dτ
=

dx0

dτ

∂ξ0

∂x0
+

dx1

dτ

∂ξ0

∂x1
+

dx2

dτ

∂ξ0

∂x2
+

dx3

dτ

∂ξ0

∂x3
(2.3.4)

This can be expressed using summation notation for repeated indices:

dξα

dτ
=

3∑
µ=0

∂ξα

∂xµ

dxµ

dτ
(2.3.5)
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NB: In mathematics, summation notation is a way to compactly represent the sum-
mation of a series of terms. When an indice appears both as a subscript and as a
superscript in an expression, it typically implies a summation over that indice, mean-
ing that all possible values of that indice are added together. This notation is commonly
used in various �elds of mathematics and physics to simplify the representation of equa-
tions involving repeated indices.

Now, we wish to di�erentiate this expression once more to deduce the geodesic
equation 2.3.2, then:

d

dτ

(
dξα

dτ

)
=

d

dτ

(
∂ξα

∂xµ

)
dxµ

dτ
+

(
∂ξα

∂xµ

)
d2xµ

dτ 2
= 0 (2.3.6)

dxν

dτ

∂2ξα

∂xµ∂xν

dxµ

dτ
+

∂ξα

∂xµ

d2xµ

dτ 2
= 0 (2.3.7)

To achieve summation over repeated indices as following:

∂ξα

∂xµ
× ∂xβ

∂ξα
=

3∑
α=0

∂ξα

∂xµ
× ∂xβ

∂ξα
(2.3.8)

We must do this operation:(
∂xβ

∂ξα

)
dxν

dτ

∂2ξα

∂xµ∂xν

dxµ

dτ
+

∂ξα

∂xµ

d2xµ

dτ 2

(
∂xβ

∂ξα

)
= 0 (2.3.9)

However, for β ̸= µ, the partial derivatives of one coordinate with respect to another
coordinate in the same coordinate system are zero (e.g., ∂t

∂x
= 0), and for β = µ, the

partial derivative is equal to 1. This corresponds to the Kronecker symbol (δβµ):

∂ξα

∂xµ
× ∂xβ

∂ξα
=

∂xβ

∂xµ
= δβµ (2.3.10)

NB: When β and µ represent di�erent coordinates in the same coordinate system,
the partial derivative of β with respect to µ is zero because it means these coordinates
are mutually independent in the system. However, when β and µ represent the same
coordinate, the partial derivative is equal to 1, indicating that the coordinate changes
with itself, as represented by the Kronecker symbol (δβµ).

Thus, we obtain:

0 =

(
∂xβ

∂ξα

)
dxν

dτ

∂2ξα

∂xµ∂xν

dxµ

dτ
+ δβµ

d2xµ

dτ 2
(2.3.11)

However, if we replace µ with β (β = µ), then δβµ = δββ = 1, and d2xµ

dτ2
= d2xβ

dτ2
.

Consequently, we get:

0 =

(
∂xβ

∂ξα

)
dxν

dτ

∂2ξα

∂xµ∂xν

dxµ

dτ
+

d2xβ

dτ 2
(2.3.12)
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Therefore, by introducing the Christo�el symbols as follows:

Γβ
µν =

∂xβ

∂ξα
∂2ξα

∂xµ∂xν
(2.3.13)

We can deduce the following equation of geodesics :

d2xβ

dτ 2
+ Γβ

µν

dxµ

dτ

dxν

dτ
= 0 (2.3.14)

This represents a general expression for the Christo�el symbols Γβ
µν in terms of the

derivatives of the coordinate transformation functions. The Christo�el symbols, as we
will see it later, are used in the mathematics of general relativity and di�erential geom-
etry to describe how coordinate systems change locally.

What does this equation of geodesics teach us?

� The second derivative of coordinates in the "accelerated" Galilean reference frame
is no longer zero but is equal to the equivalent of inertial forces applied in general
relativity (in this case, gravity). From 2.3.14, we can deduce:

d2xβ

dτ 2
= −Γβ

µν

dxµ

dτ

dxν

dτ
(2.3.15)

Indeed, if µ and ν are space coordinates, then their derivative with respect to τ
corresponds to a velocity.

� Any object in motion in the "accelerated" laboratory Galilean reference frame
will obey this equation when subjected to the force of Earth's gravity.

� The form of this equation informs us about the shortest or longest (extremums)
paths on a curved surface (manifold). More precisely, geodesics correspond to
stationary paths whose physical properties remain constant over time (absence of
applied external forces).

� We can describe gravity as a purely geometric e�ect related to the geodesics
traversed by objects in curved spacetime (how spacetime is curved is described by
the Christo�el symbols). An analogy would be to consider two objects traveling
parallel, identical paths at the same speed from a point on Earth towards the
North; they will eventually cross at the North Pole due to Earth's curvature. This
crossing can be analyzed either by the fact that a force attracted them (analogy
with Newtonian mechanics) or by a purely geometric e�ect related to Earth's
curvature (analogy with relativistic mechanics). According to general relativity,
gravity is thus a curvature of spacetime that causes objects in locally straight-
line motion to follow these geodesics. General relativity allows us to determine
the curvature of spacetime based on its components (matter, energy) and then
describe the trajectories of moving particles within this spacetime.
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� The Christo�el symbols are calculated from the metric and its partial deriva-
tives, capturing information about the curvature of spacetime. They allow us to
calculate how geodesics are a�ected by the curvature of spacetime.

2.3.4 De�nition of Tensors

Tensors are mathematical objects from multilinear algebra that were introduced in
physics to represent the state of stress and deformation of a volume subjected to forces,
hence their name (tensions).

To illustrate the nature of a tensor, let us consider a tensor function T that associates
two vectors3 u⃗ and v⃗ to a scalar4 T (u⃗, v⃗) in the set of real numbers R. This function
must respect the following linearity conditions:

� The function produces a scalar, that is T (u⃗, v⃗) ∈ R.

� The multiplication of one of the vectors by a scalar αmust conform to the property
of linearity, namely:

T (αu⃗, v⃗) = αT (u⃗, v⃗) (2.3.16)

� The addition of two vectors in one of the function's arguments is distributed
linearly as follows:

T (u⃗+ w⃗, v⃗) = T (u⃗, v⃗) + T (w⃗, v⃗) (2.3.17)

A tensor can therefore be de�ned as an application or a function in a vector space
that associates a set of vectors with a scalar and must obey the following linear prop-
erties:

� When one of the vectors is multiplied by a scalar, the tensor multiplies the result
by that same scalar.

� When an addition operation is applied to one of the vectors, the tensor distributes
the addition through the result of the operation on both vectors.

In this context, our tensor is said to be of order 2, which means it takes two vectors
as parameters, and is thus quali�ed as bilinear. A tensor of order 1 corresponds to a

3These are rank 1 tensors which can be represented as a list of numbers (components) that change
in a speci�c way with each change of coordinate system.

4These are rank 0 tensors which are simply real or complex numbers and do not change depending
on the coordinate system used.
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vector. There are also tensors that can accept three or n vectors as parameters5.

Thus, tensors allow us to generalize scalars and vectors :

� Scalars:

Consider 2 coordinate systems, one x′µ being the transformation of the �rst xµ

according to the following relation:

xµ → x′µ (2.3.18)

The scalar allows for the transition of a point from one coordinate system S to
a new coordinate system S ′. Indeed, if we wish to transition a point M from
a Cartesian coordinate system S: xµ(x, y) to a new polar coordinate system S ′:
x′µ(r, θ) (Figure 2.3):

Figure 2.3: Polar Coordinates

This transformation must be operated:

5These are called higher-order tensors, going up to order n
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S ′(x′µ) = S(xµ) (2.3.19)

� Vectors:

Consider the following �gure 2.4:

Figure 2.4: Vector in Polar Coordinates

Let's express the coordinates of the vector in terms of r, θ in the new coordinate
system as well as in terms of new base vectors (u⃗r, u⃗θ):

v⃗(x, y) = vx(x, y)u⃗x + vy(x, y)u⃗y (2.3.20)

v⃗′(r, θ) = vr(r, θ)u⃗r + vθ(r, θ)u⃗θ (2.3.21)

Thus, a scalar is a simple number that is associated with each point in space, while a
vector is characterized by a magnitude, which is its norm, as well as a direction in space.
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The transformation of vectors from one coordinate system to another is a more
elaborate operation than the transformation of scalars. There are mainly two types of
vectors, each with its own rule of transformation:

� Contravariant vectors: these transform by deriving the coordinates of the new
reference frame x′µ with respect to those of the old xν . The law of transformation
is given by:

V ′µ =
∂x′µ

∂xν
V ν (2.3.22)

� Covariant vectors: in this case, the transformation is performed by deriving
the coordinates of the old reference frame xν with respect to those of the new x′µ.
The rule of transformation is expressed by:

V ′
µ =

∂xν

∂x′µVν (2.3.23)

These relations illustrate how contravariant and covariant vectors transform under
a change of coordinates.

Proof. Consider an elementary displacement vector that connects 2 distinct events in
spacetime separated by (dt′, dx′, dy′, dz′), which can collectively be denoted as dx′µ.
Then:

dx′µ =
∂x′µ

∂xν
dxν (2.3.24)

However, the total di�erential of a function f(x, y, z), which measures the variations
of f with respect to its variables x, y, z, also incorporates the changes in its implicit
variables according to the following relationship6:

df(x(t), y(t), z(t)) =
∂f

∂x

dx

dt
dt+

∂f

∂y

dy

dt
dt+

∂f

∂z

dz

dt
dt =

∂f

∂x
dx+

∂f

∂y
dy+

∂f

∂z
dz (2.3.25)

Hence the contravariant elementary displacement vector7:

dx′µ =
∂x′µ

∂xν
dxν ⇔ V ′µ =

∂x′µ

∂xν
V ν

6Indeed, when the variables x, y, z are themselves functions of another implicit variable, t, a variation
in t induces a variation in each of the variables x, y, z through their derivatives with respect to t. In
other words, the variation in t results in variations in x, y, z that are quanti�ed by their derivatives
with respect to t. Consequently, the total di�erential of f with respect to t involves the use of partial
derivatives of f with respect to its variables x, y, z, as well as the derivatives of these variables with
respect to t, to capture the full e�ect of variations in t on f

7Where µ can take the values 0,1,2,3.
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We will now demonstrate that the norm of the vector V⃗ is given by the following
relation:

VµV
µ = ||V⃗ ||2 (2.3.26)

Proof. Consider a non-orthogonal frame (Oxy) in �gure 2.5 in which the vector V⃗ has
both covariant and contravariant components.

Figure 2.5: ||V⃗ ||2 = vxv
x + vyv

y

Hence, we obtain:

v2 = h2 + v2y (2.3.27)

(vx)2 = h2 + (vy − vy)2 (2.3.28)

(vx)2 = h2 + v2y + (vy)2 − 2vyv
y (2.3.29)

(vx)2 = v2 + (vy)2 − 2vyv
y (2.3.30)

v2 = (vx)2 − (vy)2 + 2vyv
y (2.3.31)

However, the second right-angled triangle allows us to obtain the following relation:

v2 = (vy)2 − (vx)2 + 2vxv
x (2.3.32)
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By summing the two, we can therefore deduce that:

v2 = vxv
x + vyv

y (2.3.33)

Thus, a rank 2 tensor simply allows us to manipulate two indices instead of one:

� Covariant:

T ′
µν =

∂xα

∂x′µ
∂xβ

∂x′ν Tαβ (2.3.34)

� Contravariant:

T ′µν =
∂x′µ

∂xα

∂x′ν

∂xβ
Tαβ (2.3.35)

� Mixed:

T ′µ
ν =

∂xα

∂x′µ
∂x′ν

∂xβ
T β
α (2.3.36)

We deduce that a rank 2 tensor is, essentially, a matrix or a two-index array that
represents a physical quantity in a given space.

Let's observe the transformation of a rank 2 tensor from one coordinate system to
another, using the partial derivatives ∂xα

∂x′µ and ∂xβ

∂x′ν to establish how the coordinates in
the new system x′µ are related to the coordinates in the old system xα. By applying
this transformation to the initial rank 2 tensor Tαβ, we obtain a new tensor T ′

µν of the
same rank in the new coordinate system.

Now, to perform a tensor transformation from its contravariant to its covariant form,
or vice versa (using implicit summation over ν), it is necessary to introduce the metric
tensor8, with the following relations illustrating this transformation:

Vµ = gµνV
ν (2.3.37)

VµV
µ = gµαVαVµ (2.3.38)

V µ = gµνVν (2.3.39)

Indeed, as we will study in the following section, the de�nition of the metric tensor9

is expressed by the relation 2.3.52.

8which will be studied in the following section.
9which transforms coordinates from an inertial frame to any frame such as a Galilean frame.
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Let's try to express this metric tensor in another reference frame:

g′µν = ηαβ
∂ξα

∂x′µ
∂ξβ

∂x′ν (2.3.40)

g′µν = ηαβ
∂ξα

∂xσ

∂xσ

∂x′µ
∂ξβ

∂xρ

∂xρ

∂x′ν (2.3.41)

g′µν = ηαβ
∂ξα

∂xσ

∂ξβ

∂xρ

∂xσ

∂x′µ
∂xρ

∂x′ν (2.3.42)

Then:

g′µν = ησρ
∂xσ

∂x′µ
∂xρ

∂x′ν (2.3.43)

(2.3.44)

This clearly demonstrates that g′µν is indeed a tensor since tensorial equalities
(among tensors of the same type) hold true in all reference frames.

Tensor Properties:

� Any linear combination of tensors is a tensor10.

� The product of two tensors results in a higher-rank tensor. For example, for a
rank-2 tensor, Tµν , where µ and ν can each take 4 values, the product with another
rank-2 tensor results in a rank-4 tensor with 4 × 4 = 16 components, giving a
total of 16×16 = 256 components. Thus, if two rank-2 tensors are multiplied, the
resulting tensor is of rank 4. The total number of components of the new tensor
is the product of the number of components of the two initial tensors.

� The contraction of two tensors yields a tensor11 according to the following relation:

TµαV
αν = W ν

µ (2.3.45)

2.3.5 Metric Tensors

We will now delve into metric tensors and their connection with the previously deter-
mined Christo�el symbols.

Consider the Minkowski metric described using the spacetime coordinates of an
object in motion within an inertial reference frame, as shown in equation (2.3.3), and
expressed as:

dτ 2 = (dξ0)2 − (dξ1)2 − (dξ2)2 − (dξ3)2 (2.3.46)

10Considering two tensors Aµν and Bµν , and two scalars a and b, then Cµν = aAµν + bBµν is also a
tensor. This property arises from the de�nition of tensors in terms of their behavior under coordinate
transformation, which preserves linear operations.

11by implicit summation over the corresponding indices α of the two tensors.
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It can also be written in this way, where one can denote a summation over indices
α and β:

dτ 2 = ηαβdξ
αdξβ (2.3.47)

This equation uses the metric tensor ηαβ of Minkowski space (which describes �at
spacetime in special relativity) to calculate the spacetime interval dτ 2 in terms of the
di�erentials of the coordinates dξα and dξβ. The Minkowski metric tensor ηαβ has
components that are -1 for time-like intervals and +1 for space-like intervals on the
diagonal, and 0 o� the diagonal like this:

ηαβ =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 (2.3.48)

Let's recall that next expressions represent the di�erential transformation rules be-
tween two coordinate systems. They demonstrate how a small change in the set of
coordinates xµ and xν results in a small change in an another set of coordinates ξα and
ξβ.

dξα =
∂ξα

∂xµ
dxµ (2.3.49)

dξβ =
∂ξβ

∂xν
dxν (2.3.50)

Now, if we substitute these two di�erential forms into the expression 2.3.47, we can
deduce the following expression:

dτ 2 = ηαβ
∂ξα

∂xµ

∂ξβ

∂xν
dxµdxν (2.3.51)

From where one can extract the following metric tensor:

gµν = ηαβ
∂ξα

∂xµ

∂ξβ

∂xν
(2.3.52)

The metric tensor plays a fundamental role in general relativity as it determines
the geometry of spacetime and how gravity acts between two objects located at co-
ordinates xµ and xν in the same reference frame. It enables the transformation from
the coordinates of these objects to the distance that separates them, while taking into
account the local curvature of spacetime, which can vary depending on the distribution
of matter and energy. Unlike classical intuition, the distance between two points in
curved spacetime depends on this curvature and can vary signi�cantly. Therefore, the
metric tensor is a crucial mathematical tool for calculating the interval between two
events, which also includes the measurement of the time elapsed between them in the
presence of a gravitational �eld.
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Since the indices µ and ν are dummy and repeated, they are subject to Einstein's
summation convention and can thus be interchanged in the metric tensor expression.
This implies that the metric tensor gµν is symmetric12.

NB : Now, let us denote gµν as the inverse of gµν , which is expressed by the following
relation with a summation over the repeated indice α, yielding the Kronecker symbol:

gµαgαν = δµν (2.3.53)

where δµν is the Kronecker symbol, which as we have seen previously, equals 1 when
µ = ν and 0 otherwise. This relation de�nes the nature of the inverse of the metric
tensor in di�erential geometry and general relativity.

2.3.6 Christo�el Symbols

The Christo�el symbols, denoted by Γβ
µν , are derived from the metric tensor and provide

essential information about the geometry of spacetime. They are not tensors themselves
but are derived from the metric tensor, which is a true tensor.

To calculate the Christo�el symbols, we take the partial derivatives of the metric
tensor components and then apply a speci�c combination of these derivatives. The
formula for the Christo�el symbols of the second kind is given by:

Γβ
µν =

1

2
gβα

(
∂gαν
∂xµ

+
∂gαµ
∂xν

− ∂gµν
∂xα

)
(2.3.54)

Each term involves a partial derivative of the metric tensor with respect to the
coordinates, and gβα is the inverse of the metric tensor, ensuring that we are summing
over the appropriate indices. As we will see later, Christo�el symbols play a central role
in determining geodesics, which describe the trajectory of particles and light in curved
spacetime and are used in the equations of motion in General Relativity.

Proof. We will now express the Christo�el symbols in terms of the metric tensor gµν .
To do this, we consider the partial derivative of gµν with respect to the coordinates
xλ. This operation introduces the second derivatives of the coordinate transformation
functions ξα, which can then be incorporated into the expression for the Christo�el
symbols 2.3.13.

Before we begin our calculations, here are a few preliminary tips to simplify them:

� The metric tensor is symmetric, hence gµν = gνµ.

� To replace ν with α, we must �rst substitute the existing dummy indice α with
σ.

12gµν = gνµ
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We obtain the metric tensor as following:

gαµ = ησβ
∂ξσ

∂xµ

∂ξβ

∂xα
(2.3.55)

By applying the product rule for di�erentiation, and remembering that ησβ is a
constant, we get:

∂gαµ
∂xν

=
∂

∂xν

(
ησβ

∂ξσ

∂xµ

∂ξβ

∂xα

)
(2.3.56)

We see the expected second partial derivatives appearing in the right-hand side of
the equation (twice):

∂gαµ
∂xν

= ησβ
∂2ξσ

∂xν∂xµ

∂ξβ

∂xα
+ ησβ

∂ξσ

∂xµ

∂2ξβ

∂xα∂xν
(2.3.57)

To integrate the expression for the Christo�el symbols 2.3.13 into this relationship,
we must apply the following transformation to both sides to isolate the partial derivative
and introduce a sum over the repeated indice β:

∂ξσ

∂xβ
Γβ
µν =

∂xβ

∂ξλ
∂2ξλ

∂xµ∂xν

(
∂ξσ

∂xβ

)
(2.3.58)

However, we know that:
∂xβ

∂ξλ
∂ξσ

∂xβ
=

∂ξσ

∂ξλ
= δσλ (2.3.59)

and according to 2.3.53, this Kronecker symbol equals 1 when σ = λ, thus:

∂ξλ

∂xβ
Γβ
µν =

∂2ξλ

∂xµ∂xν
(2.3.60)

We can then replace it in expression 2.3.57, ensuring that we reformulate the corre-
sponding indices in the new expression analogously:

∂2ξσ

∂xν∂xµ
=

∂ξσ

∂xρ
Γρ
µν (2.3.61)

∂2xβ

∂xν∂xµ
=

∂ξβ

∂xρ
Γρ
να (2.3.62)

NB : We do not place β on the Christo�el symbol because it is a dummy summation
indice in the term where we want to assign it, so we will choose another letter, ρ:

∂gαµ
∂xν

= ησβ
∂2ξσ

∂xν∂xµ

∂ξβ

∂xα
+ ησβ

∂ξσ

∂xµ

∂2ξβ

∂xα∂xν
(2.3.63)

Finaly, we can deduce from 2.3.57:

∂gαµ
∂xν

= ησβ
∂ξσ

∂xρ
Γρ
µν

∂ξβ

∂xα
+ ησβ

∂ξσ

∂xµ

∂ξβ

∂xρ
Γρ
να (2.3.64)
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Therefore, the di�erentiation of the metric tensor can be expressed in 3 di�erent
ways (the last 2 involving new indices by swapping ν and µ and replacing µ with α):

∂gαµ
∂xν

= gραΓ
ρ
µν + gµρΓ

ρ
να (2.3.65)

∂gαν
∂xµ

= gραΓ
ρ
µν + gνρΓ

ρ
µα (2.3.66)

∂gµν
∂xα

= gρµΓ
ρ
αν + gνρΓ

ρ
µα (2.3.67)

These three ways of expressing this di�erentiation allow us to obtain a simpli�ed
result by adding the �rst two and subtracting the last one: 2.3.65 + 2.3.66 - 2.3.67:

gαρΓ
ρ
µν =

1

2

(
∂gµα
∂xν

+
∂gνα
∂xµ

− ∂gµν
∂xα

)
(2.3.68)

gβαgαρΓ
ρ
µν =

1

2

(
∂gµα
∂xν

+
∂gνα
∂xµ

− ∂gµν
∂xα

)
gβα (2.3.69)

δβρΓ
ρ
µν =

1

2

(
∂gµα
∂xν

+
∂gνα
∂xµ

− ∂gµν
∂xα

)
gβα (2.3.70)

So, �nally:

Γβ
µν =

1

2
gβα

(
∂gµα
∂xν

+
∂gνα
∂xµ

− ∂gµν
∂xα

)
(2.3.71)

This expression of the Christo�el symbol13 enables us to establish a connection between
the curvature of spacetime induced by gravitational force and the spatial derivatives of
the metric tensor. It is essential for formulating the equations governing geodesics in
the theory of General Relativity.

Example of Calculating Christo�el Symbols for a Spherical Metric:

In spherical coordinates, the line element ds2 for a three-dimensional space is expressed
as:

ds2 = gµνdx
µdxν

ds2 = g11(dx
1)2 + 2g12dx

1dx2 + 2g13dx
1dx3 + g22(dx

2)2 + 2g23dx
2dx3 + g33(dx

3)2

ds2 = dr2 + r2dθ2 + r2 sin2(θ)dϕ2

(2.3.72)
where dr, dθ, and dϕ are the di�erentials of the radial coordinate r, the polar angle

θ, and the azimuthal angle ϕ, respectively. The corresponding metric tensor gµν in
spherical coordinates is diagonal and is given by:

13Also known as the a�ne connection.
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gµν =

g11 g12 g13
g21 g22 g23
g31 g32 g33

 =

1 0 0
0 r2 0
0 0 r2 sin2(θ)

 (2.3.73)

Proof. The relationship between cartesian and spherical coordinates can be deduced
from the Figure 2.6:

Figure 2.6: The position of point P is de�ned by the distance ρ and the angles θ
(colatitude) and ϕ (longitude)

If we consider triangles OPQ and OPP', we have: z = ρ cosϕ, r = ρ sinϕ, where
x = r cos θ and y = r sin θ. Therefore:

x = ρ sinϕ cos θ

y = ρ sinϕ sin θ

z = ρ cosϕ

(2.3.74)

Using the physical notations according to the Figure 2.9, the transition to cartesian
coordinates is given by:

x = r sinϕ cos θ

y = r sinϕ sin θ

z = r cosϕ

(2.3.75)

However, the metric in cartesian coordinates is given by:

ds2 = dx2 + dy2 + dz2 (2.3.76)

To express this in spherical coordinates, we replace x, y, and z with their equivalents
in spherical coordinates, yielding 2.3.72.
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To compute the Christo�el symbols Γβ
µν , we �rst �nd the inverse of the metric tensor,

which for a diagonal metric is simply:

gµν =

1 0 0
0 1

r2
0

0 0 1
r2 sin2(θ)

 (2.3.77)

For the given metric tensor, we calculate the partial derivatives required for the
Christo�el symbols:

∂gθθ
∂r

= 2r,

∂gϕϕ
∂r

= 2r sin2(θ),

∂gϕϕ
∂θ

= 2r2 sin(θ) cos(θ).

Inserting these partial derivatives into the formula for the Christo�el symbols 2.3.71,
we calculate them by summing over the repeated indice α. For the given metric tensor,
most of the Christo�el symbols will be zero because it is diagonal and only depends on
r and θ. The non-zero Christo�el symbols are:

Γr
θθ = −r (2.3.78)

Γr
ϕϕ = −r sin2(θ) (2.3.79)

Γθ
rθ = Γθ

θr =
1

r
(2.3.80)

Γθ
ϕϕ = − sin(θ) cos(θ) (2.3.81)

Γϕ
rϕ = Γϕ

ϕr =
1

r
(2.3.82)

Γϕ
θϕ = Γϕ

ϕθ = cot(θ) (2.3.83)

NB:

� The Christo�el symbol Γr
θθ is calculated as follows:

Γr
θθ =

1

2
grr
(
−∂gθθ

∂xr

)

since the only non-zero derivative of gθθ is with respect to r. Substituting the
values, we get:

Γr
θθ =

1

2

(
−∂(r2)

∂r

)
= −r.
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� Another example is the Christo�el symbol Γθ
rθ, which is calculated as:

Γθ
rθ =

1

2
gθθ
(
∂grθ
∂xθ

+
∂gθθ
∂xr

− ∂grθ
∂xθ

)
where the only non-zero term is ∂gθθ

∂xr . This gives us:

Γθ
rθ =

1

2
gθθ
(
∂gθθ
∂r

)
=

1

2

(
1

r2

)
(2r) =

1

r
.

Calculating the Riemann Tensor, Ricci Tensor & Ricci Scalar

In this spherical space, all components of the Riemann tensor and the Ricci tensor, as
well as the Ricci scalar, are zero, illustrating �at space geometry.

Proof. The Riemann curvature tensor is de�ned by the expression:

Rρ
σµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + Γρ

µλΓ
λ
νσ − Γρ

νλΓ
λ
µσ (2.3.84)

Taking for example the Christo�el symbols provided by 2.3.78:

Γθ
ϕϕ = − sin(θ) cos(θ),

Γθ
rθ = Γθ

θr =
1

r

(2.3.85)

We can proceed to compute the components of the Riemann tensor. As an example,
we'll calculate Rθ

rθr:

Rθ
rθr = ∂θΓ

θ
rr − ∂rΓ

θ
θr + Γθ

θλΓ
λ
rr − Γθ

rλΓ
λ
θr (2.3.86)

Thus, for the calculation of the Riemann tensor component Rθ
rθr, we have:

� The �rst term ∂θΓ
θ
rr is zero since Γ

θ
rr is zero.

� The second term ∂rΓ
θ
θr involves the partial derivative of Γθ

θr with respect to r,
which is − 1

r2
.

� The third term is the sum over λ of Γθ
θλΓ

λ
rr, but since Γλ

rr is zero for λ ̸= r, this
term is zero.

� The fourth term is the sum over λ of Γθ
rλΓ

λ
θr, which for λ = θ gives

(
1
r

) (
1
r

)
= 1

r2
.

The sum of the two non-zero terms (terms 2 and 4) is:

− 1

r2
+

1

r2
= 0

Thus, the component Rθ
rθr of the Riemann tensor is zero.
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The Ricci tensor, obtained by contracting the Riemann tensor over its �rst and third
indices, is given by:

Rµν = Rλ
µλν (2.3.87)

Finally, the Ricci scalar, which is the trace of the Ricci tensor, is calculated as
follows:

R = gµνRµν (2.3.88)

As the Riemann tensor is zero, it follows that the Ricci tensor and its scalar are also
zero.

Mathematica calculation code:

(* Import package *)
(*================*)
Needs [ "OGRe` " ]
(* De f i n i t i o n o f the coo rd ina t e s *)
TNewCoordinates [ " Sphe r i c a l " , {r , \ [ Theta ] , \ [ Phi ] } ]
(* De f i n i t i o n o f the Metric Tensor *) TShow@
TNewMetric [ " Spher i ca lMetr i cTensor " , " Sphe r i c a l " ,
DiagonalMatrix [ { 1 , r ^2 , r^2 Sin [ \ [ Theta ] ] ^ 2 } ] ]

(* Line element us ing i n t e g r a t ed func t i on TLineElement *)
TLineElement [ " Spher i ca lMetr i cTensor " ]
(* Cal cu la t i on o f the Ch r i s t o f f e l symbols us ing TCa l cChr i s t o f f e l *)
TLis t@TCalcChr i s to f f e l [ " Spher i ca lMetr i cTensor " ]
(* Cal cu la t i on o f the Riemann Tensor us ing TCalcRiemannTensor *)
TList@TCalcRiemannTensor [ " Spher i ca lMetr i cTensor " ]
(* Cal cu la t i on o f the R i c c i Tensor us ing TCalcRicciTensor *)
TList@TCalcRicciTensor [ " Spher i ca lMetr i cTensor " ]
(* Cal cu la t i on o f the R i c c i Sca l a r us ing TCalcRicc iSca lar *)
TList@TCalcRicc iScalar [ " Spher i ca lMetr i cTensor " ]

2.3.7 Application of the Geodesic Equation in the Weak Field

Limit

We denote the expression of the Christo�el symbol and the geodesic equation as follows
(if ν = 0: time coordinate, otherwise it is a spatial coordinate x, y, z):

Γλ
µν =

1

2
gλσ (gµσ,ν + gνσ,µ − gµν,σ) (2.3.89)

d2xλ

ds2
+ Γλ

µν

dxµ

ds

dxν

ds
= 0 (2.3.90)
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where
∂gµσ
∂xν

= gµσ,ν (2.3.91)

NB :

� This equation represents the partial derivative of the metric tensor component gµσ
with respect to the coordinate xν , and it's often written with a comma followed
by the indice of di�erentiation, which in this case is ν. The comma notation gµσ,ν
is a common shorthand in general relativity for denoting partial derivatives of
tensor components.

� In the context of special relativity, it is common to use a system of units where
the speed of light c is de�ned as equal to 1 (c = 1). This simpli�es equations and
allows for the easier expression of certain quantities. In this unit system, distances
are expressed in units of time (for example, light-years instead of meters) due to
the equivalence c = 1. To do this, time must be expressed in seconds, and the units
of length become a distance traveled by light in one second, which is expressed
in light-seconds (equivalent to "light-years"). We can thus express the metric as
follows:

ds2 = dτ 2 = gµνdx
µdxν (2.3.92)

Nevertheless, we will now consider that the time t, expressed up to this point, will
be the proper time τ in the metric expression, in order to express it as follows:

ds2 = dτ 2 − dx2 − dy2 − dz2 (2.3.93)

We will now demonstrate that the equation 2.3.90 reduces to the Newtonian equation
of motion when gravitational �elds are weak and static14, and when velocities are much
smaller than the speed of light15, which can be expressed as follows:

gµν = ηµν + hµν with hµν ≪ ηµν (2.3.94)

NB : In the theory of linearized gravity, we start by assuming that spacetime is
nearly �at. To do this, we represent the total metric tensor gµν as the sum of the
Minkowski metric ηµν , which describes �at spacetime as seen before, and a small "per-
turbation" hµν , which represents deviations from this �atness due to the presence of
mass or energy. We will see it later on the dipole repeller study for a stationary system.

By integrating this metric tensor into the expression 2.3.89, we realize that the
partial derivatives of the metric tensor depend only on hµν , since ηµν is constant and its
derivatives are zero. Hence, in the linearized theory of gravity, the Christo�el symbols
can be approximated by considering only the contributions from the perturbation hµν .
This is because the Christo�el symbols are de�ned by the �rst derivatives of the metric

14In special relativity where gµν is very close to ηµν and time-independent.
15v/c ≪ 1
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tensor, and in a weak gravitational �eld, hµν is small compared to ηµν . Thus, when we
calculate the Christo�el symbols for a weak gravitational �eld, we neglect the derivatives
of ηµν and take into account only the derivatives of hµν . Thus, we obtain:

gµσ,ν = hµσ,ν and gµν,σ = hµν,σ and gνσ,µ = hνσ,µ (2.3.95)

Γλ
µν =

1

2
(ηλσ + hλσ)(hµσ,ν + hνσ,µ − hµν,σ) (2.3.96)

Given that hµν is small, we realize that the product of hλσ with its partial deriva-
tives will contribute terms that are second-order or higher (e.g., h2, h3, etc.). These
higher-order terms will be signi�cantly smaller compared to the �rst-order terms we
are interested in. Therefore, when computing the Christo�el symbols, we neglect the
products of hµν and its derivatives, which implies that the contributions from hλσ are
negligible in comparison to those from ηλσ. Consequently, we obtain:

Γλ
µν ≈ 1

2
ηλσ(hµσ,ν + hνσ,µ − hµν,σ) (2.3.97)

This approximation streamlines the process of computing spacetime curvature in
weak gravitational �elds and is foundational in the analysis of gravitational waves,
where the perturbations hµν represent ripples in the curvature of spacetime.

Now, let's consider 2 cases :

� For λ = 0, which corresponds to the time coordinate in general relativity, the
equation for the Christo�el symbols of the �rst kind becomes speci�c to the time
coordinate. Utilizing the Minkowski metric tensor η and the perturbation h, the
Christo�el symbol for λ = 0 is given by the equation:

Γ0
µν =

1

2
η0σ (hµσ,ν + hνσ,µ − hµν,σ) (2.3.98)

Now, considering that η0σ is not zero only when σ = 0, which leads to η00 = 1,
we arrive at the following relation:

Γ0
µν =

1

2
(hµ0,ν + hν0,µ − hµν,0) (2.3.99)

However, given that the gravitational �eld is static16. Consequently, the partial
derivative of the metric tensor with respect to time (∂hµν

∂t
) is zero. This allows

us to consider the system as being in a stationary regime with respect to the
spacetime metric:

Γ0
µν =

1

2
(hµ0,ν + hν0,µ) (2.3.100)

16The spacetime metric does not vary with time.
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� For spatial coordinates denoted by λ = i (where i, j, k represent spatial indices),
the Christo�el symbols can be computed using the perturbation metric hµν . The
Minkowski metric ηiσ is used to raise the indice, and it is equal to −1 when the
indices match. Thus, the Christo�el symbols for spatial coordinates are given by:

Γi
µν =

1

2
ηiσ (hµσ,ν + hνσ,µ − hµν,σ) (2.3.101)

However, considering the negative sign of the spatial components of ηiσ, the equa-
tion for σ = i simpli�es to:

Γi
µν = −1

2
(hµi,ν + hνi,µ − hµν,i) (2.3.102)

This negative sign re�ects the opposite sign convention for the spatial components
of the Minkowski metric in comparison to the time component.

Now, let's integrate these results into the geodesic equation 2.3.90 for each case:

� For λ = 0, we know that xλ = x0 = ct, then:

c2
d2t

ds2
+

1

2
(hµ0,ν + hν0,µ)

dxµ

ds

dxν

ds
= 0 (2.3.103)

However,the following product will generate a sum over repeated indices µ and ν
of quantities of orders 0, 1, and 2:

(hµ0,ν + hν0,µ)
dxµ

ds

dxν

ds
(2.3.104)

Considering that higher-order quantities, speci�cally of order 1 and 2, are highly
negligible, particularly since they are based on the already small quantity hµν

which is much less than ηµν , we will only retain the zeroth-order terms. In this
context, zeroth-order refers to the terms where µ and ν are both equal to 0,
which correspond to the temporal components. This simpli�cation leads us to
the following equation:

c2
d2t

ds2
+

1

2
(h00,0 + h00,0) c

2 dt

ds

dt

ds
= 0 (2.3.105)

In this approximation, only the terms involving the time coordinate contribute
signi�cantly to the equation of motion, simplifying the analysis of spacetime
geodesics in a weak gravitational �eld.

However, given that the gravitational �eld is static, these quantities are zero,
then:

c2
d2t

ds2
= 0 (2.3.106)

This implies that t is proportional to s, which means:

s = ct (2.3.107)
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� For spatial coordinates denoted by λ = i, from 2.3.107, we obtain:

1

c2
d2xi

dt2
− 1

2
(hµi,ν + hνi,µ − hµν,i)

1

c2
dxµ

dt

dxν

dt
= 0 (2.3.108)

However, as mentioned earlier, we will only keep quantities of order 0 for µ and
ν which are equal to 0. Due to the static nature of the gravitational �elds, we
obtain the following equation:

1

c2
d2xi

dt2
+

1

2
h00,i = 0 (2.3.109)

d2xi

dt2
= −c2

2
h00,i (2.3.110)

Since i is a spatial indice taking values 1, 2, or 3, we thus �nd a form of "Accel-
eration - Force" equivalence that can be represented in vector form:

d2r⃗

dt2
= −

−−→
gradϕ (2.3.111)

with

ϕ =
c2h00

2
(2.3.112)

The connection between the gravitational potential and the temporal component of
the metric tensor can be established by introducing 2.3.112 into 2.3.94, thus we obtain:

g00 = 1 +
2ϕ

c2
(2.3.113)

The gravitational potential ϕ is equivalent to a speed squared (c2). Knowing that
hµν ≪ ηµν , we can locally verify that for Earth, h00 = 2ϕ

c2
= 2G·Mt

Rt·c2 = 10−9 ≪ η00 = 1
using the well-known expression for gravitational potential calculation:

ϕ =
GM

R
(2.3.114)

2.3.8 The Solutions of Karl Schwarzschild & Ludwig Flamm

Karl Schwarzschild then developed a complete geometric solution to this equation,
consisting of two metrics published in two separate papers ([70],[69]):

� The �rst solution, described by metric 2.3.115, depicts the exterior geometry
of empty spacetime around a spherically symmetric mass, such as a star with a
radius rn, as illustrated in Figure 2.7:

ds2 =

(
1− 8πGρr3n

3c2r

)
c2dt2 − dr2

1− 8πGρr3n
3c2r

− r2
(
dθ2 + sin2 θdϕ2

)
(2.3.115)
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Figure 2.7: Portion of a Flamm hypersurface

� The second solution, often referred to as the interior Schwarzschild solution
structured by metric 2.3.116, describes the spacetime geometry within a static,
spherically symmetric body composed of an incompressible �uid, such as a star
with a radius rn, as depicted in Figure 2.8:

ds2 =− dr2

1− 8πGρr2

3c2

− r2
(
dθ2 + sin2 θdϕ2

)
+

[
3

2

√
1− 8πGρr2n

3c2
− 1

2

√
1− 8πGρr2

3c2

]2
c2dt2

(2.3.116)

Figure 2.8: Portion of a sphere

This approach entails matching two segments of spacetime solutions, speci�cally two
regions of hypersurfaces, each characterized by their distinct metrics. The matching is
performed at a common boundary, ensuring the continuity of the spacetime geometry
and the physical consistency of the combined solution across the interface.

That same year, a young mathematician o�ered his own interpretation of Schwarzschild's
work. His name was Ludwig Flamm. His work and his name remained unknown to most
cosmology specialists for a simple reason: his paper was not translated into English un-
til 2012. He had a perfect mastery of the geometry of objects such as three-dimensional
Riemannian hypersurfaces ([28],[29]).
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Kruskal, building upon the exterior Schwarzschild metric, developed his renowned
model, considered as the foundation of black hole theory. Indeed, by analytically ex-
tending the exterior Schwarzschild solution, he eliminates �algebraically� the coordinate
singularity found at the �event horizon� for r = Rs (Schwarzschild Radius), through the
introduction of a new coordinate system. This system is designed to make the metric
regular everywhere, except at the �central physical singularity� for r = 0 ([38],[72]). But
does this model truly have a physical meaning ?

2.3.9 Construction of Geodesics for the Schwarzschild Exterior

Metric

Let's consider the Schwarzschild exterior metric (6.53) extracted from [1] (Page 194):

ds2 =

(
1− 2m

r

)
(dx0)2 −

(
dr2

1− 2m
r

)
− r2(dθ2 + sin2 θ dϕ2) (2.3.117)

where m is a simple integration constant (a length), x0 is a chronological marker (also
a length), and s is the length measured on the 4D hypersurface.

The authors write:
x0 = ct (2.3.118)

A geodesic is a path inscribed on the hypersurface, which corresponds to a minimal
length:

δ

∫
ds = 0 (2.3.119)

This means that this length:∫ b

a

{(
1− 2m

r

)
c2dt2 − dr2

1− 2m
r

− r2
(
dθ2 + sin2 θ dϕ2

)}
(2.3.120)

has a minimal value along a path thus con�gured: t(s), r(s), θ(s), ϕ(s).

Let's write:

ṫ =
dt

ds
, ṙ =

dr

ds
, θ̇ =

dθ

ds
, ϕ̇ =

dϕ

ds
(2.3.121)

This amounts to searching for paths that minimize:∫ b

a

{(
1− 2m

r

)
c2ṫ2 − ṙ2

1− 2m
r

− r2(θ̇2 + sin2 θϕ̇2)

}
ds (2.3.122)

The quantity in brackets is:

L = L(t, r, θ, ϕ, ṫ, ṙ, θ̇, ϕ̇) or L = L(xi, ẋi) (2.3.123)
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This problem was solved by the French mathematician Lagrange, which led to what
are now known as the Lagrange equations.

The calculation of the geodesics is a problem of �bounded extremum�. This is because
we consider all paths connecting two points a and b, hence linked to these points. The
geodesics are then given by the equations:

d

ds

(
∂L

∂ẋi

)
=

∂L

∂x
(2.3.124)

With:

L =

(
1− 2m

r

)
c2ṫ2 − ṙ2

1− 2m
r

− r2
(
θ̇2 + sin2 θϕ̇2

)
(2.3.125)

∂L

∂t
=

∂L

∂ϕ
= 0,

∂L

∂θ
= −2r2 sin θ cos θϕ̇2 (2.3.126)

The �rst three Lagrange equations (6.75), (6.76), (6.77) extracted from [1], corre-
sponding to the variables θ, ϕ and t, are the following:

d

ds
(r2θ̇) = r2 sin θ cos θϕ̇2 (2.3.127)

d

ds
(r2 sin2 θϕ̇) = 0 (2.3.128)

d

ds

[(
1− 2m

r

)
ṫ

]
= 0 (2.3.129)

If we divide each term of the metric 2.3.117 by ds2:

1 =

(
1− 2m

r

)
c2ṫ2 − ṙ2

1− 2m
r

− r2
(
θ̇2 + sin2 θϕ̇2

)
(2.3.130)

In general relativity, exploiting the spherical symmetry of a solution can simplify
the analysis of geodesics. In the case of the Schwarzschild metric, which is indeed
spherically symmetric, this symmetry can be exploited to reduce the problem to two
dimensions.

The Schwarzschild metric, in spherical coordinates, depends on the variables r, θ, ϕ,
and t. Spherical symmetry indicates that the metric does not change when rotations are
made around the center. This property allows us to simplify the problem by choosing
geodesics that remain in a constant plane. It is common to choose the equatorial
plane to simplify calculations, corresponding to setting θ = π/2. In this plane, the θ
coordinate does not change, which means that dθ = 0 and therefore the component of
the metric involving dθ disappears (see the Figure 2.9).
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Figure 2.9: Unit vectors in spherical coordinates

Then, by examining the Lagrangian (which is a function that summarizes the dy-
namics of a system) associated with this metric, we can �nd the equations of motion for
the geodesics. For an object moving in the equatorial plane, the azimuthal component
of its angular momentum, related to ϕ, is conserved, which is a consequence of the axial
symmetry of the metric with respect to the axis perpendicular to the equatorial plane.
Mathematically, this is expressed by the equation:

r2ϕ̇ = h = constant (2.3.131)

where h is a constant of motion (angular momentum per unit mass), r is the radial
coordinate, and ϕ̇ is the derivative of the azimuthal coordinate ϕ with respect to proper
time s (the time measured by a clock moving with the object).

This tells us that the quantity r2ϕ̇ remains constant along the geodesic.
The equation 2.3.129 above integrates and gives:(

1− 2m

r

)
ṫ = l = constant (2.3.132)

By substitution, we then obtain the di�erential equation:

1 =

(
1− 2m

r

)−1

c2l2 −
(
1− 2m

r

)−1

ṙ2 − h2

r2
(2.3.133)

which gives r as a function of the parameter s. But by using an equation presented
earlier, we can switch to a di�erential equation featuring the derivative:

r′ =
dr

dϕ
=

ṙ

ϕ̇
(2.3.134)

From 2.3.131 and 2.3.132, we then obtain:

ṙ = ϕ̇r′ =
h

r2
r′ (2.3.135)
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We can then obtain the di�erential equation relating r and l:(
1− 2m

r

)
= c2l2 − h2

r4
r′

2 − h2

r2

(
1− 2m

r

)
(2.3.136)

We can then do the transition from the variable r to a variable u such that:

u =
1

r
=⇒ r′ = − u′

u2
(2.3.137)

Then, from 2.3.134, we can deduce:

dϕ =
dr

r′
=

du

u′ (2.3.138)

Which leads us to:

(1− 2mu) = c2l2 − h2u′2 − h2u2(1− 2mu) (2.3.139)

which reduces to:

u′2 =

(
c2l2 − 1

h2

)
+

2m

h2
u− u2 + 2mu3 (2.3.140)

Thus, from 2.3.138, the integration gives:

ϕ = ϕ0 +

∫ u

u0

dv√
c2l2−1

h2 + 2m
h2 v − v2 + 2mv3

(2.3.141)

This constitutes an exact solution to Einstein's equation which expresses the angle ϕ
as an integral of u = 1

r
, and conversely it gives us u as the inverse (implicit) function of

ϕ and results in �quasi-elliptical� geodesics, depending on the two integration constants
l and h.

Indeed, if h is large, it means that the geodesic traversed by a test particle will
deviate from a radial free-fall trajectory because it will have a signi�cant amount of
speci�c angular momentum. Consequently, its trajectory will be less a�ected by the
gravitational pull directly towards the central body, causing it to veer away from a
direct radial fall and follow a more curved or �quasi-elliptical� path.

Ignoring the region inside the Schwarzschild sphere (r<2m), it is possible to represent
in 3D the plane geodesics associated with this stationary metric. The representation
of the Schwarzschild sphere, can be envisioned as a circle that projects into spacetime
along the Schwarzschild time dimension ts. If we consider a neutron star with a radius
of 10 km, it will remain stable at the Tolman-Oppenheimer-Volko� (TOV) limit of
approximately 2 solar masses. The TOV limit represents the critical maximum mass
a neutron star can have while remaining stable. This places the 'horizon' of a point
mass equivalent at a distance from its center of about 6 km (rs = α). Given that the
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star's radius is approximately 3/2 times rs, we position the 'horizon' of this object at
rs = 2 for a radius of 3. This setup allowed me to represent, using Mathematica, the
geodesic of a test particle following a falling trajectory toward this object, as depicted
in the Figure 2.10.

Figure 2.10: Representation of a Falling Geodesic in the Coordinate System (r, ϕ, ts)

Regardless of the geodesic's direction of travel, centripetal in this case, with this
choice of temporal coordinate, approaching the Schwarzschild sphere would require an
in�nite duration. Indeed, as we can see Figures 2.11 and 2.12, for a distant observer,
any object approaching the horizon of either a neutron star near its physical criticality
or a supermassive object, such as those whose alternative approach will be studied in
the chapter 8, would experience time dilation near what is known as the Schwarzschild
radius. However, for the object itself (or an observer moving with the object), time
would continue to progress normally (Respectively, the blue curve compared to the
dashed curve).
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Figure 2.11: Time Dilation for a Distant Observer

Figure 2.12: Time Dilation Approaching the Object's Horizon

From the perspective of this distant observer, the object would take an apparently
in�nite amount of time to reach this horizon. As a result, it would be perceived as
slowing down progressively, appearing almost frozen or making a freeze-frame near the
horizon.
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This phenomenon is a consequence of general relativity, which predicts that the
presence of a signi�cant mass curves space-time. This curvature a�ects the passage of
time, leading to time dilation in intense gravitational �elds.

This aspect forms one of the cornerstones of black hole theory. But is there another
alternative? This is what we will explore later in the chapter 6.

2.3.10 The Solution of Roy Kerr

In 1963, Roy Kerr, an eminent New Zealand mathematician, revolutionized the under-
standing of general relativity in the context of the black hole model by proposing a
new solution to the Einstein's �eld equation. Unlike the Schwarzschild exterior metric
([70]), which is used as the foundation of the static and spherically symmetric black
hole model, the Kerr solution is axisymmetric, representing a rotating black hole ([35]).
This discovery was particularly signi�cant at the time because it provided a more real-
istic model for numerous celestial objects.

The Kerr metric is expressed in Boyer-Lindquist coordinates (t, r, θ, ϕ) ([17]), and
its line element is given for c = 1 by:

ds2 =−
(
1− 2GMr

ρ2

)
dt2 − 4GMar sin2 θ

ρ2
dtdϕ+

ρ2

∆
dr2

+ ρ2dθ2 +

(
r2 + a2 +

2GMra2 sin2 θ

ρ2

)
sin2 θdϕ2

(2.3.142)

where

∆ = r2 − 2GMr + a2,

ρ2 = r2 + a2 cos2 θ.

M is the mass of the central rotating object, often a black hole, in�uencing the
surrounding spacetime and a is the speci�c angular momentum of the rotating object.
The important term to note here is −4GaMr sin2 θ

ρ2
dtdϕ, which represents the spacetime

dragging e�ect due to the rotation of the object, typically a black hole. This charac-
teristic can be interpreted as a manifestation of Ernst Mach's idea of the relativity of
motion, where spacetime itself seems to be in�uenced by the presence of moving matter.

The relevance of the Kerr solution was further underscored by the discovery of pul-
sars in 1967, initially understood as neutron stars rotating at incredibly high speeds,
sometimes reaching a thousand rotations per second. Although the Kerr metric is pri-
marily applied to the black hole model, its implications for understanding other compact
astrophysical objects, such as neutron stars, are also signi�cant.
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Renowned astrophysicist Subrahmanyan Chandrasekhar praised the Kerr solution,
considering it a major advance in applied mathematical research in theoretical physics
([15]).

What is important to emphasize through this Kerr approach is the possibility of
exploring other representation properties, such as introducing, for example, a drdt
term into the Schwarzschild exterior metric, whose implications will be studied in the
chapter 6.

2.4 TheWorks of Andrei Sakharov & Jean-Marie Souriau

The Janus cosmological model compiles Albert Einstein's theory of general relativity,
the work of Andrei Sakharov in particle physics and cosmology, as well as the work
of Jean-Marie Souriau in symplectic geometry. According to the theory of dynamical
groups, it explains how time inversion implies an inversion of energy and therefore mass.

Indeed, the baryonic asymmetry of the universe is considered one of the most sig-
ni�cant problems in current physics. More speci�cally, it refers to the observation that
there is a net quantity of baryons (particles made up of three quarks, such as protons
and neutrons) in the universe, but almost no antibaryons (particles composed of three
antiquarks). The universe should have been created with an equal amount of baryonic
matter and antibaryonic antimatter since the Big Bang, which would have led to their
mutual annihilation, their mass transforming into photons. But where did this primor-
dial antimatter go?

In the 1960s, scientists discovered that the rate of matter production (from the
combination of primordial quarks) occurs slightly faster than the rate of antimatter
production (from the combination of antiquarks), a phenomenon known as �CP viola-
tion� ([19]). This was paradoxical because such combination processes were previously
thought to be symmetrical. However, because of this CP violation, more matter was
synthesized in the primordial universe and prevailed over antimatter.

The Russian physicist Andrei Sakharov was the �rst, starting in 1967, to restore
a global symmetry, considering that the universe was not composed of a single entity
but of two twin universes emanating from the same Big Bang singularity, having two
opposing time arrows from the moment t = 0. The initial singularity Φ not only reverses
time (T-symmetry) but also parity (P-symmetry, also called �enantiomorphy�) as well
as charge conjugation (C-symmetry, which transforms a particle into its antiparticle,
and vice versa), inducing complete CPT-symmetry ([64],[65],[66]). The CP-symmetry
violation is also reversed in the twin universe, meaning that antimatter prevailed over
matter. It should be noted that Sakharov focused on describing CPT-symmetry only
within the context of particle physics, thus without involving gravitation in his model,
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so that the twin universes never interact except at the moment of their birth as on the
Figure 2.13:

Figure 2.13: Sakharov Cosmological Model

2.5 Bimetric Approach Introduced by Hyperbolic Rie-

mannian Geometry

Hyperbolic Riemannian geometry plays a crucial role in the Janus cosmological model.
This branch of geometry studies curved spaces with a constant negative curvature. This
geometry allows for the conceptualization of spaces with both positive and negative
curvatures. However, it is important to note that currently, there is no bimetric or
multimetric mathematical theory introduced in hyperbolic Riemannian geometry on
which a bimetric cosmological model can be based. Indeed, current theoretical models
remain heuristic. For example, two approaches were attempted in 2002 and 2008 by
Thibauld Damour ([20]) and Sabine Hossenfelder ([33]), respectively. One was based on
the introduction of heavy and light gravitons in a bimetric �eld equation system, and
the other was more or less similar to our model. Indeed, Damour and Kogan attempt
to construct a �two-branes� theory, involving a spectrum of massive gravitons, but this
40-page paper ends in a �shtail. In passing, they show that such bigravity must obey
a system of two coupled �eld equations:

2M2
L

(
Rµν(g

L)− 1

2
gLµνR(gL)

)
+ ΛLg

L
µν = tLµν + TL

µν (2.5.1)

2M2
R

(
Rµν(g

R)− 1

2
gRµνR(gR)

)
+ ΛRg

R
µν = tRµν + TR

µν (2.5.2)

Then, Sabine Hossenfelder proposes a re�ned model addressing the concept of neg-
ative mass in the universe. However, in 1957, Hermann Bondi attempted to introduce
these masses into Albert Einstein's model. Nevertheless, the so-called runaway phe-
nomenon reveals physical contradictions that the model violates, such as fundamental
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principles of physics like the principle of action-reaction and equivalence ([10]). Hossen-
felder goes further to formulate a pair of new coupled �eld equations:

(g)Rvk −
1

2
gvk

(g)R = Tkv − V

√
h

g
avva

k
k (2.5.3)

(h)Rvk −
1

2
hvk

(h)R = T vk −W

√
g

h
akka

v
vTkv (2.5.4)

Next, as she could not resolve the inconsistency with physical principles and believed
it to be inextricably linked to "bimetric gravity", she gave up.

The common point between these two approaches is that they are purely theoretical
and have not provided any results validated by observations. The only credit that can
be attributed to our cosmological model, compared to the previous two, is that it has
many anchoring points with observation and several physical predictions that we'll see
on the Section 3.2

Hyperbolic Riemannian geometry is a branch of Riemannian geometry that studies
curved spaces with a constant negative curvature, mathematically corresponding to a
hyperbolic shape often described as being "saddle-shaped". More precisely, the constant
negative curvature of hyperbolic space can be described as the asymptotic behavior of
the hyperbola in both directions: the branches of the hyperbola diverge in�nitely with-
out ever converging. This characteristic is an important property of hyperbolic space
and can be used to distinguish it from Euclidean geometry and spherical Riemannian
geometry.

For example, on the Figure 2.14, the red lines drawing the triangles are the geodesics
of the surface. Put simply, a geodesic is the shortest path between two points in space.
Imagine you're in a �at Euclidean space, like on a large sheet of paper; here, this
path is just a straight line. But on curved surfaces, whether they are positively curved
(Spherical geometry) or negatively curved (Hyperbolic geometry like a horse's saddle),
a geodesic can be drawn using a rope or an elastic stretched tight between two points
on that surface, representing the shortest path. Thus, contrary to Euclidean geometry
where the sum of the angles of a triangle equals 180 degrees, this sum exceeds 180
degrees in spherical (Riemannian) geometry and is less than 180 degrees in hyperbolic
geometry (also a type of Riemannian geometry).
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Figure 2.14: Types of Spatial Curvature

It's important to note that a "�at" Euclidean space17, is not necessarily a �at plane.
Take the earlier example of the sheet: even if it's bent several times, like corrugated
iron, its curvature remains zero everywhere. This means that the geodesic traced on its
surface don't change, because the sheet isn't stretching. The same goes for closed Eu-
clidean surfaces like a cylinder or a cone: contrary to what one might think, they don't
have any curvature. According to Euclidean geometry, although they appear curved,
they can be considered "�at" because their surface can be unfolded into a plane without
stretching.

The concept of the Janus Cosmological Model, which will be developed on the next
chapter, is to associate it with a "twin geometry" de�ned by a relationship between
spaces with positive curvature and spaces with negative curvature, according to a system
of two coupled bimetric �eld equations.

17A space with zero curvature.
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Janus Cosmological Model

3.1 Description

The Janus Cosmological Model (JCM) proposes a revolutionary vision of the universe,
characterized by a Riemannian manifold with two distinct metrics. These metrics man-
age positive and negative masses in a unique way, o�ering a coherent interpretation
within the framework of general relativity, con�rmed by observations, while avoiding
traditional paradoxes.

Based on Andrei Sakharov's cosmological model of non-interacting twin bimetric
universes, a new model has been developed as a unique universe consisting of a single
Riemannian manifold with two metrics, namely a four-dimensional hypersurface with
two layers folded onto each other in CPT-Symmetry but this time interacting through
gravitational e�ect.

Figure 3.1: Janus Cosmological Model
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The �rst layer is gridded with a certain unit of length providing a metric traversed
by matter of positive energy and mass between two points of this spacetime at a speed
c, limited by the theory of special relativity (Section 2.2.2). And its counterpart, folded
on top but gridded according to a unit of length 100 times shorter and a speed 10 times
higher for matter of negative energy and mass (the photons evolving in the same pro-
portions), resulting in a traversal time 1000 times faster. This model thus provides two
families of geodesics traversing spacetime in two di�erent ways and at di�erent speeds
making interstellar travel possible, and explaining several physical phenomena such as
the missing primordial antimatter as well as the con�nement of galaxies ([50],[54],[53]).

It also demonstrates that negative energy states are compatible with quantum me-
chanics.

This model is built on two coupled �eld equations that is an extension of Einstein's
�eld equation, o�ering a credible alternative to the presence of dark energy (repulsive
power) and dark matter (�attening of galactic rotation curves) in the cosmos while
successfully integrating negative masses into General Relativity.

It's based on the derivation of equations from a concept called the "Lagrangian". In
physics, we often use principles to explain how objects or particles move and interact
with each other. In our case, we employ principles of variation, which are mathematical
formulas that describe how a physical system evolves over time by minimizing a speci�c
quantity called "action". This concept of variation must be "covariant", meaning it
remains the same regardless of the chosen inertial reference frame. This implies that it
applies to all observers, regardless of their velocity.

The logical derivation from these principles should lead us to equations that describe
the motions and interactions of a system of particles in a way that makes them valid for
all observers, regardless of their relative motion. The "Action" is de�ned as the integral
of the "Lagrangian" over a certain period of time, enabling us to describe the kinetics
and dynamics of a physical system. The "Lagrangian" is a function computed from the
kinetic and potential energy of the system, as well as other factors that may in�uence its
behavior. By using the principle of least action, we seek to �nd the system's trajectory
that minimizes "action", meaning the path for which the "action's" value is as low as
possible. The equations of motion are obtained by di�erentiating this minimal action
trajectory with respect to time.

3.2 Implications

Cosmology is in crisis. Indeed, the �rst example is the rate of expansion of the Universe,
which, like a gigantic balloon, has been in�ating for 13.8 billion years. When astro-
physicists measured the current rate of this expansion with their telescopes, known as
the Hubble constant (or H0), they found a value incompatible with that predicted by
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the standard model of cosmology (the ΛCDM model), the theory that best describes
the history of the Universe for the time being, from its origin (the Big Bang) and the
�rst atoms to today, including the �rst stars and galaxies.

The Hubble constant (H0) is a key parameter in cosmology that measures the rate
of expansion of the Universe. It indicates how fast galaxies are moving away from
each other as a function of their distance. However, recently, two main methods of
measurement have yielded signi�cantly di�erent results:

� On the one hand, local measurements using direct observation of galaxies and the
cosmic distance scale based on standard candles such as Cepheids and Type Ia
supernovae give a value of H0 of 73 km/s/Mpc1. This measurement comes from
the Shoes collaboration led by American Adam Riess.

� On the other hand, data from the Cosmic Microwave Background2, analyzed
within the framework of the standard model of cosmology, suggest a lower value,
of 67.4 kilometers per second per megaparsec (km/s/Mpc). This method relies
on data from the Planck satellite.

This divergence, if not attributable to measurement errors, necessitates a reevalua-
tion of some fundamental aspects of the standard model, such as the role of dark energy
in the acceleration of cosmic expansion. The Janus Cosmological Model attributes this
anti-gravitational e�ect to negative masses and speci�es its nature, a subject that we
will study into later in the dedicated section 3.3.

Another example is the James Webb Space Telescope (JWST), with its advanced
infrared observation capabilities, which is designed to observe the Universe at very early
stages of its evolution, including the formation of the �rst galaxies. Recent observations
from the JWST reveal objects or behaviors that do not match the predictions of the
standard model, leading to a complete revision of its foundations.

Indeed, according to the standard model of cosmology, the universe experienced a
dark period after the Big Bang, followed by the formation of the �rst stars and proto-
galaxies a few hundred million years later. These initial structures evolved into large
galaxies over the �rst billion years, a process driven by the gravity of dark matter.
Galaxies continued to develop and cluster over billions of years, forming the various
types observed today.

1One megaparsec is approximately equivalent to 3.26 million light-years. For every megaparsec of
distance, the expansion of the Universe increases the speed of separation of galaxies by 73 kilometers
per second.

2The Cosmic Microwave Background (CMB) is the electromagnetic radiation emitted about 380,000
years after the Big Bang, when the universe had cooled enough for electrons and protons to combine
into atoms.
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Dark matter and dark energy are thought to play crucial roles in this process, in-
�uencing the formation of structures and the expansion of the universe, respectively.

Moreover, a recent study published in Nature Astronomy [12] discusses the discovery
by Mike Boylan-Kolchin, associate professor of astronomy at the University of Texas
at Austin, of several galaxies forming earlier than expected at high redshifts (between
500 and 700 million years after the Big Bang), which are much more massive than ours
(10 billion solar masses).

For example, Abell 2744 Y1 is a galaxy cluster located in the Sculptor constellation
at a distance of approximately 13.2 billion light-years away, and thus, it appears to us
as it was when the universe was only 650 million years old (Figure 3.2).

Figure 3.2: James Webb Space Telescope Image - Abell 2744 Y1

This observation from the James Webb Space Telescope once again con�rms one of
the predictions of the Janus Cosmological Model.

The Janus Cosmological Model therefore sheds new light on key cosmological ques-
tions, the answers to which are con�rmed by numerous observations and predictions,
of which here is a non-exhaustive list:

� Explanation of the con�nement of galaxies by lacunar spaces occupied by negative
masses contributing to their stability as on Figure 3.3 ([26]).
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Figure 3.3: Di�erence between the circular velocity curves of a galaxy composed of
positive mass particles against another surrounded by a halo of negative mass particles.

� Explanation of the shape of galaxy rotation curves (�attening)

� This model explains the greater-than-expected gravitational acceleration of stars
orbiting at the outskirts of galaxies due to the presence of negative masses.

� Explanation for the high velocity of galaxies within clusters due to the anti-
gravitational contribution of negative masses.

� It provides a mathematically detailed description of the behavior of galaxies,
relying on a common approach to Vlasov and Poisson equations. It predicts
that the velocities of stars within a galaxy organize themselves into an ellipsoid
oriented toward the galactic center, an assumption con�rmed by the measurement
of residual velocities of stars near the solar system (Chapter 4).

� It explains the gravitational lensing e�ects around galaxies as on 3.4.

Figure 3.4: Gravitational lensing e�ects
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� Explanation of the void-like structure of the universe occupied by clusters of
negative masses in the form of interconnected soap bubbles as on 3.5.

Figure 3.5: Lacunar structure

This structure was also established in 2018 by Tsvi Piran in his article [62], where
he highlights the distribution of galaxies in what he refers to as "walls" due
to the anti-gravitational compression of underdense regions of negative masses
concentrated within the dark matter of empty spaces. Observations show that
these empty spaces occupy a signi�cant portion of the Universe's volume. The
correlation between voids in the distribution of galaxies and regions of low dark
matter density clearly demonstrates the gravitational origin of these voids. The
primordial underdense regions, known as "negative cosmological voids", act as
gravitational negative masses and serve as the seeds for the observed voids. The
centers of these underdense regions are e�ective gravitational masses that repel
matter, aligning it along the walls between the centers. Voids are centered around
these masses and are surrounded by walls of galaxies. Eventually, the walls crack,
causing the void spaces to merge with other voids, creating a larger network of
voids that con�nes galaxies within.

� Prediction and con�rmation of the early formation of all galaxies recently observed
by the James Webb Space Telescope ([27]). Indeed, the model suggests that
all galaxies formed together during the �rst 100 million years of the universe's
history (primordial). This formation occurred when positive mass was violently
compressed between multiple clusters of negative masses, creating high pressure.
The strong contraction of matter and gases due to the anti-gravitational e�ect of
negative masses induced signi�cant heating, leading to rapid cooling facilitated
by a sheet-like structure. This cooling time allowed the attainment of a su�cient
temperature to initiate thermonuclear fusion reactions, thus enabling the �rst
stars to be born and gather to form the galaxies we know today.
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� Explanation of distant galaxies with a high redshift (> 7) appearing as dwarfs
(reduced luminosity). Indeed, clusters of negative masses (as in the region of the
Dipole Repeller that we will study in the Section 3.3) create a negative gravita-
tional lensing e�ect on their photons, which has the e�ect of attenuating their
brightness.

� Local relativistic veri�cations con�rmed, such as the advance of Mercury's perihe-
lion or the de�ection of light rays by the Sun. Indeed, since both types of masses
repel each other and considering that the density of negative mass is nearly neg-
ligible in the vicinity of the Sun, the �rst equation of the system corresponds to
Einstein's �eld equation (see the Section 3.3.4).

Figure 3.6: Space-Time Warping Induced by the Sun's Mass

� Exploiting the asymmetry between the two populations of positive and nega-
tive masses has led to consistency with the data from observations of type Ia
supernovae. The observation of type Ia supernovae has been a crucial tool for de-
termining the distances of celestial objects and studying the universe's expansion.
Type Ia supernovae are supernova explosions that occur in binary stellar systems
where a star known as a white dwarf absorbs matter from a companion star until
it reaches a critical mass, causing an explosion. This asymmetry could be caused
by processes such as the rotation or magnetic �eld of the companion star, which
transfers matter to the white dwarf. If the asymmetry exists, it could result in
a di�erence in brightness between type Ia supernovae, which could explain the
observations.

� Explanation of the nature of the Great Repeller discovered in January 2017 (see
the Section 3.3), where it was shown to exist in an apparently empty region of
the universe, opposite to that of the Shapley Attractor, which appeared to repel
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all matter.

Figure 3.7: The great repeller
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� The model highlights a sustainable galactic spiral structure model ensured by
dynamic friction that continuously transfers momentum to the less dense envi-
ronment of negative mass, allowing the spiral arms to persistently and stably
revolve around the galaxy.

As depicted on next �gures 3.8 and 3.9, when the arms traverse regions of high
density (positive masses), they slow down and lose energy, whereas when they
pass through low-density regions, they accelerate and gain energy. This creates
density waves that propagate through the galaxy, transferring momentum to the
negative mass environment.

In the context of the Standard Model, the rotation and spiral arms of galaxies
are primarily explained by gravity and di�erential rotation, where density waves
form and act as compression zones. These allow stars and interstellar gas orbiting
around the galaxy's center to pass through them. These compression zones can
trigger the formation of stars by compressing interstellar gas, contributing to the
appearance of bright spiral arms.

In the Janus model, spiral galaxies also form through exchange with their external
environment, consisting of negative masses that con�ne them. It is important to
note that for these waves to imprint a lasting spiral rotation on a galaxy, they
must interact with the waves of another medium.

Currently, scientists study the spiral structures of galaxies in the same way they
would analyze sea wave motion, without considering their interactions with the
wind. Indeed, if we set aside various other factors like water depth, seabed to-
pography, the strength and direction of the wind, etc., when wind blows over
the surface of the water, it generates ripples on the surface, thus creating wave
propagation through the water. These ripples are essentially surface waves, also
known as gravity waves. They propagate on the water's surface due to the gravity
and surface tension of the liquid. When the wind blows over the water, it trans-
fers kinetic energy to the water's surface, thereby creating surface waves. This
transfer of energy implies an exchange of waves. Surface waves result from this
interaction between the wind and the water's surface.

Another example to illustrate would be the spiral of cream in a co�ee, created
by stirring with a spoon. This spiral is induced by its interaction with the cup.
Without the cup, there would be no spiral.
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Figure 3.8: Barred spiral from a numerical simulation (1992: 20,000 points)

Figure 3.9: Evolution of the kinetic moment (1992: 20,000 points)

� Explanation for the lack of observation of cosmic antimatter, as it emits photons
with negative energy.
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� Explanation of the nature of the invisible components of the universe: antiprotons,
antineutrons, antielectrons, antihydrogen, and antihelium with negative mass.
These elements make up the primordial antimatter, eluding observation as they
emit photons with negative energy.

� Conjecture con�rmed recently on September 2023 [5]: C-symmetric anti-
matter (charge symmetry), developed in the laboratory and emitting photons of
positive energy, is gravitationally pushed downwards just like ordinary matter.

� The model o�ers its own interpretation of the Cosmic Microwave Background
�uctuations by attributing them to the response of ordinary matter with positive
mass to density �uctuations in adjacent universe cells populated by a distribution
of negative mass matter. This situation is linked to the gravitational instability
that manifests within these cells. The analysis of these �uctuations serves as a
means to evaluate the ratio between the scale factors of the two types of matter.
It is observed that the ratio a(+)

a(−)
is of the order of 100. Consequently, it can

be deduced that the ratio c(−)
c(+)

is of the order of 10 ([53]). This implies that the
overall e�ect would be to reduce the required time for interstellar travel by a factor
of a thousand for objects that succeed in reversing their mass, thereby enabling
them to move along the geodesics described by the metric hµν of the second �eld
equation 3.3.36, as we will study in the following section.

Figure 3.10: Cosmic Microwave Background

� Gravitational redshift of 3 deduced from the �rst two images of supermassive
objects located at the centers of galaxies M87 and the Milky Way (See the study
conducted in the section 8).

� There is currently no answer to the question: �What was it before the Big Bang?�
According to the Janus Cosmological Model, a topological structure of the uni-
verse, �interacting with its anti-chronal counterpart�, eliminates this questioning
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by invalidating the meaning of the adverb �before�. Indeed, as we'll see in chapter
7, at the moment of the Big Bang, the arrow of time reverses.

3.3 The Dipole Repeller

3.3.1 Introduction

In 2017, Yehudi Ho�man, B. Tully, H. Courtois, and D. Pomarède published the �rst
highly detailed map of the universe [32]. This map was not only based on the posi-
tions of galaxies but also incorporated their velocity �eld by subtracting the in�uence
of the Hubble expansion from the raw measurements of their redshift. The results were
incredibly impressive and are considered among the most signi�cant observational dis-
coveries in cosmology today, comparable in importance to Edwin Hubble's discovery a
century ago. Prior to this study, it was known that certain galaxies exhibited convergent
motions towards a region known as the Great Attractor. The 2017 analysis revealed
the in�uence of another, larger structure located beyond the Great Attractor, named
the Shapley Attractor. However, the most remarkable �nding was the identi�cation
of a region nearly opposite to these two formations, where no galaxies were detected.
Instead, there was a signi�cant void surrounded by neighboring galaxies exhibiting a
motion away from this region, forming a "�ight" pattern centered on this void. Initially
called the Dipole Repeller, it was later named the Dipole Attractor when it was under-
stood to be connected to the attractive formations. Understanding this phenomenon,
which cannot be attributed to measurement artifacts, undoubtedly requires signi�cant
progress in our understanding of cosmic dynamics.

3.3.2 Some Attempts at Interpretation

Four years after the initial discovery, there have been few attempts to model the phe-
nomenon of the dipole repeller. In his recent article [43], Neiser does not focus on
this question but instead proposes hypotheses about the nature of the Big Bang, the
quantum vacuum, and the origin of the universe. Neiser speculates that antimatter
could have a repulsive gravitational e�ect, leading to the formation of neutrino stars
and antineutrino stars that repel each other. Similar repulsive aspects of primordial
antimatter are mentioned by Benoit-Lévy et al. in 2012 ([7]), but without further justi-
�cation. Heald in his article [30] mentions the situation of Laniakea, which is pushed by
the dipole repeller and pulled by the Shapley Attractor. Again, the idea of a repulsion
between matter and antimatter is suggested as a possible explanation for the large-scale
structure of the universe and the organization of voids. However, no concrete model
is given for the center object in the great void, and the lack of emitted light remains
unexplained. In 2018, Ho�man et al. used numerical simulations to reconstruct a dark
matter distribution consistent with observational data [31]. They suggest the existence
of a bias (or discrepancy) in the dark matter distribution compared to the distribution
of galaxy luminosity. Observations have revealed that the expansion of the universe
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is accelerating, indicating the presence of a component with negative pressure ([48],
[63], [68]). One model proposed to explain this phenomenon suggests the existence of
negative masses that could contribute to these antigravitational e�ects, combining the
repulsive in�uences of dark matter and dark energy on positive mass components. This
hypothesis is at the center of the works corresponding to the references [52] [54] [55]
[58] [59] [56] [57].

3.3.3 Interpretation through Dark Matter Voids

Let's study the possibility that a void in dark matter could produce the observed repul-
sive e�ect. We can begin by considering a spherical void within a uniform distribution
of dark matter and use the Poisson equation to analyze this system:

d2Ψ

dr2
+

2

r

dΨ

dr
= 4πGρdm (3.3.1)

This equation is linear and describes the gravitational potential as a function of
density. By superimposing two density distributions ρ1 and ρ2, the resulting gravita-
tional potential is the sum of the potentials associated with these two distributions:
Ψ = Ψ1 +Ψ2.

Considering a uniform density distribution ρunifdm , we obtain a potential Ψ1, which is
the solution of the Poisson equation 3.3.1:

Ψ1 =
4πGρunifdm r2

3
and g⃗1 = −8πGρunifdm

3
r⃗ (3.3.2)

Now, by introducing a volume with an opposite density equal to −ρunifdm , we create
a potential Ψ2, which is the solution of the following Poisson equation:

d2Ψ2

dr2
+

2

r

dΨ2

dr
= −4πGρunifdm (3.3.3)

This solution is:

Ψ2 = −4πGρunifdm r2

3
, g⃗2 =

8πGρunifdm

3
r⃗ (3.3.4)

Thus, we obtain the same gravitational �eld but with opposite sign. It's therefore
repulsive and proportional to the distance from the center of the sphere.

Next, by calculating the gravitational potentials associated with these two distribu-
tions, we can observe that the resulting gravitational potential is zero inside the void. In
other words, the gravitational force exerted by the uniform distribution of dark matter
is exactly counterbalanced by the gravitational force exerted by the opposite density
creating the void:

g⃗ = g⃗1 + g⃗2 (3.3.5)

However, regardless of the chosen position as the origin of coordinates, the gravi-
tational �eld remains nonzero inside the void. This means that the gravitational force
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is not perfectly balanced, which seems contradictory to the idea of a void creating a
repulsive gravitational �eld.

To solve this paradox, the Poisson equation must be considered as the linearized
version of the Einstein equation in a stationary situation, which de�nes the gravitational
potential in terms of a perturbation of the Lorentz metric:

gµν = ηµν + εγµν (3.3.6)

The classical calculation gives for proper-density ρ0 ([1]):

ε

3∑
i=0

γ00|i|i = −χρ0 (3.3.7)

NB: In the context of the weak �eld limit as studied in the Section 2.3.7, the equation
3.3.7 relates the second spatial derivatives of the time component γ00 of the metric
tensor to gravitational sources, represented by the local mass-energy density ρ0. It
helps us understand how the curvature of space-time responds to the distribution of
mass-energy, while maintaining a precise relationship between these two aspects.

Thus, the gravitational potential is de�ned as 2.3.110 by:

Ψ = −c2

2
εγ00 (3.3.8)

Then, 3.3.7 can be identi�ed with the Poisson equation. However, this approach
cannot be applied to an in�nite uniform distribution of dark matter. The conclusion is
that it is simply impossible to de�ne a gravitational potential within a uniform matter
distribution. Consequently, the problem of the existence of large voids in the large-scale
structure of the universe remains unresolved, as gravitational instability tends to lead
to the formation of clusters, not voids, and there is no clear framework for the formation
of such voids.

3.3.4 Interpretation through the Janus Cosmological Model

Let's now consider the interaction between two entities: ordinary matter with positive
mass interacting with negative mass through gravitational e�ects. This model involv-
ing negative mass takes into account the in�uence of both dark matter and dark energy.

We can describe this system of two entities with respective metrics gµν and hµν . Let
G and H be the corresponding Ricci scalars. We then consider the following two-layers
action:

A =

∫
E

(
1

2Γ(g)
G+ S(g) + S(h,g)

)√
|g| d4x+

∫
E

( κ

2Γ(h)
H + S(h) + S(g,h)

)√
|h| d4x

(3.3.9)
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The terms S(g) and S(h) will yield the source terms related to the populations of the
two entities, while the terms S(h,g) and S(g,h) will generate the interaction tensors. Γ(g)

and Γ(h) are the gravitational constants of Einstein for each entity. g and h are the
determinants of the metrics gµν and hµν . For κ = ±1, we apply the principle of least
action. The Lagrangian derivation of this action gives us:

0 = δA

=

∫
E

δ

(
1

2Γ(g)
G+ S(g) + S(h,g)

)√
|g| d4x+

∫
E

δ
( κ

2Γ(h)
H + S(h) + S(g,h)

)√
|h| d4x

=

∫
E

δ

[
1

2Γ(g)

(
δG

δgµν
+

G√
|g|

δ
√

|g|
δgµν

)
+

1√
|g|

δ(
√
|g|S(g))

δgµν
+

1√
|g|

δ(
√
|g|S(h,g))

δgµν

]
δgµν

√
|g| d4x

+

∫
E

δ

[
κ

2Γ(h)

(
δH

δhµν
+

H√
|h|

δ
√
|h|

δhµν

)
+

1√
|h|

δ(
√
|h|S(h))

δhµν
+

1√
|h|

δ(
√
|h|S(g,h))

δhµν

]
δhµν

√
|h| d4x

(3.3.10)
For any variation δgµν and any variation δhµν , we obtain locally:

1

2Γ(g)

(
δG

δgµν
+

G√
|g|

δ
√

|g|
δgµν

)
+

1√
|g|

δ(
√
|g|S(g))

δgµν
+

1√
|g|

δ(
√
|g|S(h,g))

δgµν
= 0 (3.3.11)

κ

2Γ(h)

(
δH

δhµν
+

H√
|h|

δ
√

|h|
δhµν

)
+

1√
|h|

δ(
√
|h|S(h))

δhµν
+

1√
|h|

δ(
√
|h|S(g,h))

δhµν
= 0 (3.3.12)

Let us introduce the following tensors:

T (g,g)
µν = − 2√

|g|
δ(
√
|g|S(g))

δgµν
= −2

δS(g)

δgµν
+ gµνS(g) (3.3.13)

T (h,h)
µν = − 2√

|h|
δ(
√
|h|S(h))

δhµν
= −2

δS(h)

δhµν
+ hµνS(h) (3.3.14)

T (h,g)
µν = − 2√

|h|
δ(
√
|g|S(h,g))

δgµν
(3.3.15)

T (g,h)
µν = − 2√

|g|
δ(
√
|h|S(g,h))

δhµν
(3.3.16)

Indeed, in general relativity, the covariant derivative is a way to generalize the notion
of the partial derivative to curved spaces. Unlike an ordinary partial derivative, the
covariant derivative accounts for the curvature of space-time.

Then, for a tensor Aρ
νσ, its covariant derivative along an indice µ is given by the

expression:
∇µA

ρ
νσ = ∂µA

ρ
νσ + Γρ

µλA
λ
νσ − Γλ

µνA
ρ
λσ − Γλ

µσA
ρ
νλ (3.3.17)
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So, we can deduce both expressions :

∇µδΓ
ρ
νσ = ∂µδΓ

ρ
νσ + Γρ

µλδΓ
λ
νσ − Γλ

µνδΓ
ρ
λσ − Γλ

µσδΓ
ρ
νλ (3.3.18)

∇νδΓ
ρ
µσ = ∂νδΓ

ρ
µσ + Γρ

νλδΓ
λ
µσ − Γλ

νµδΓ
ρ
λσ − Γλ

νσδΓ
ρ
µλ (3.3.19)

NB :

� 3.3.19 is obtained from 3.3.18 by simply swapping µ and ν

� The term ∂µA
ρ
νσ is the ordinary partial derivative of the tensor. If spacetime were

�at (as in Newtonian physics), this would be enough to describe the variation of
the tensor.

� The terms with the Christo�el symbols Γρ
µλ, Γ

λ
µν , and Γλ

µσ represent the correction
due to the connection of space-time, which takes into account how space-time is
curved. Indeed, in curved space, the connection (represented by the Christo�el
symbols Γ) introduces a correction. This correction is necessary because the bases
of the tangent space (the space in which the tensor lives) change from one point
in spacetime to another. So, Γρ

µλA
λ
νσ is the term that corrects for the change in

the component Aλ
νσ as we move in the µ direction for the upper indice ρ. Γλ

µνA
ρ
λσ

and Γλ
µσA

ρ
νλ are terms that subtract the contribution due to the change in the

lower indices ν and σ. These terms ensure that the covariant derivative respects
the tensor transformation rules.

In summary, the covariant derivative ∇µ of a tensor is a combination of its or-
dinary partial derivative and terms that compensate for changes in spacetime
geometry. It is constructed such that the derivative of the tensor is itself a tensor,
which is not the case for the ordinary partial derivative.

Then, the Riemann tensor is related to the Christo�el symbols by the equation:

Rρ
σµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + Γρ

µλΓ
λ
νσ − Γρ

νλΓ
λ
µσ (3.3.20)

NB : The Riemann tensor Rρ
σµν is a mathematical quantity in general relativity

that describes the intrinsic curvature of spacetime. It is de�ned by the di�erence be-
tween the partial derivatives of the Christo�el symbols and the sum of the products
of the Christo�el symbols themselves. The term ∂µΓ

ρ
νσ is the partial derivative of the

Christo�el symbol Γρ
νσ with respect to the coordinate xµ. This term measures how the

Christo�el symbol varies when moving in the µ direction. The term ∂νΓ
ρ
µσ is similar

to the �rst term but with the partial derivative taken in a di�erent direction, xν . The
terms Γρ

µλΓ
λ
νσ and Γρ

νλΓ
λ
µσ describe the product of two Christo�el symbols that repre-

sents the interaction between two spacetime connections. It measures how curvature in
one direction in�uences curvature in another direction.
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Then, we get:

δRρ
σµν = ∂µδΓ

ρ
νσ − ∂νδΓ

ρ
µσ + δΓρ

µλΓ
λ
νσ + Γρ

µλδΓ
λ
νσ − δΓρ

νλΓ
λ
µσ − Γρ

νλδΓ
λ
µσ (3.3.21)

Thus, we obtain :
δRρ

σµν = ∇µδΓ
ρ
νσ −∇νδΓ

ρ
µσ (3.3.22)

By contracting the indices ρ and σ in the previous relation using the Einstein sum-
mation convention, which states that when an indice is repeated, there is an implicit
summation over that indice, we can express the variation of the Ricci curvature tensor
which meets the Palatini identity ([78],[46]):

δRσν = δRρ
σρν = ∇ρ(δΓ

ρ
νσ)−∇ν(δΓ

ρ
ρσ) (3.3.23)

NB : In general relativity, the geometry of spacetime is described by a quantity
called the metric tensor, denoted by gµν . This tensor contains all the information
about distances and angles in spacetime.

The Ricci scalar, denoted by R, is a measure of the curvature of spacetime at a
point. It is computed by summing (or contracting) the components of the Ricci tensor
Rσν with the metric tensor gσν . Mathematically, it is as if you were multiplying the
matrices of the Ricci tensor and the metric tensor and then adding up the terms along
the diagonal.

Plus, we must have the covariant derivative of the metric tensor equal to zero3. In
other words, as you move through spacetime, the way you measure distances and angles
does not change. This is a fundamental property of spacetime in general relativity that
says the local geometry does not change as you move, regardless of the overall curvature.

In summary, the Ricci scalar R gives us an idea of how much spacetime is curved
at a point, and the fact that ∇σg

µν = 0 ensures that the shape of spacetime remains
consistent as we move, regardless of the global curvature4.

Next, we can deduce :

δR = Rσνδg
σν + gσνδRσν

= Rσνδg
σν + gσν

(
∇ρ(δΓ

ρ
νσ)−∇ν(δΓ

ρ
ρσ)
)

= Rσνδg
σν +∇ρ (g

σνδΓρ
νσ)− gσν∇νδΓ

ρ
ρσ

= Rσνδg
σν +∇ρ(g

σνδΓρ
νσ − gσρδΓµ

µσ)

= Rσνδg
σν +∇ρB

ρ

(3.3.24)

NB : For the calculation above, we must consider two rules :

3∇σg
µν = 0

4This consistency is ensured by the metric's compatibility with the Levi-Civita connection, which
guarantees that geometric concepts such as lengths and angles remain constant when they are trans-
ported through spacetime.
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� The properties of the covariant derivative and the Leibniz rule (the product rule
of di�erentiation). The Leibniz rule for the covariant derivative is similar to that
of the ordinary derivative and is written as:

∇ρ(AB) = (∇ρA)B + A(∇ρB)

where A and B can be scalar, vector, or tensor �elds.

� As noted before, repeated indices are referred to as silent or dummy indices
according to the Einstein summation convention. Indeed, it is useful to recall that
when an indice of a variable appears twice in a term, once in an upper position
and once in a lower position, it implies summation over all possible values that
the indice can take. For example, AµBµ implies

∑
µA

µBµ. Let's consider the
Christo�el symbols Γµ

µσ and Γρ
ρσ. In these expressions, the indices µ and ρ are

examples of dummy indices according to the Einstein summation convention. This
means that the expression Γµ

µσ, where the sum is taken over all possible values of
µ, is identical to Γρ

ρσ, where the sum is taken over all possible values of ρ. Thus,
we can apply the summation indices (ρ, ν) → (µ, ρ) in the last term.

By calculating in two di�erent ways, we have:

∇µ(
√
|g|δBµ) = ∇µ(

√
|g|)Bµ +

√
|g|∇µ(δB

µ) =
√

|g|∇µδB
µ + 0 =

√
|g|∇µδB

µ

(3.3.25)
∇µ(

√
|g|δBµ) = ∂µ(

√
|g|δBµ) + Γµ

µν

√
|g|δBν = ∂µ(

√
|g|δBµ) + 0 = ∂µ(

√
|g|δBµ)

(3.3.26)
NB : Similarly, the derivative of the determinant of the metric tensor, represented

as
√
|g|, is also zero when taken covariantly5. This latter property simpli�es the ex-

pression of volume integrals and is fundamental to the application of the divergence
theorem in curved spacetime.

Then ,we can deduce: √
|g|∇µδB

µ = ∂µ(
√
|g|δBµ) (3.3.27)

Let's now consider the contribution of
√
|g|∇µδB

µ in the action. Let nµ be a unit
vector normal to ∂E , ε = nµnµ, y

a representing coordinates adapted to the boundary
∂E , and hab representing the metric induced by gab on the boundary. We have |ε| = 1,
and

√
|h|d3y is an (n − 1)-volume form on the boundary with h = det(hab). By the

Stokes' theorem, we have:∫
E

√
|g|∇µδB

µ
√
−gd4x =

∫
E

∂µ(
√

|g|δBµ)d4x (3.3.28)

=

∫
δE

εδBµnµ

√
|h|d3y (3.3.29)

5∇µ

√
|g| = 0
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We will assume that the metric does not vary at the boundary (or that there is no
boundary). In this case, the term ∇µδB

µ
√
−g does not contribute to the action, so we

have:
δR

δgµν
= Rµν +

∇ρB
ρ

δgµν
≈ Rµν (3.3.30)

However, from the corollary with a = 1
2
, we have:

δ
√
−g =

1

2

√
−ggµνδgµν = −1

2

√
−ggµνδg

µν (3.3.31)

So, we can deduce:
Rδ

√
−g√

−g δgµν
= −1

2
gµνR (3.3.32)

NB : For the calculation above, we need to explain two things:

� The variation of the determinant of the metric tensor, denoted as δg, is related
to the variation of the metric tensor itself, δgµν , through the relationship δg =
ggµνδgµν , where g is the determinant of the metric tensor and gµν is its inverse.
This relationship arises from the mathematical property of determinants, where
the derivative of a determinant can be expressed as the determinant multiplied
by the trace of the product of the inverse of the matrix and the derivative of
the matrix. In the case of a small variation, the variation of the square root
of the negative determinant of the metric tensor, δ

√
−g, is given by δ

√
−g =

1
2

√
−ggµνδgµν . This formula is pivotal in deriving the Einstein �eld equations

from the Einstein-Hilbert action, as it allows for the integration of the action over
the four-dimensional spacetime manifold.

� In our study, we utilize Stokes' theorem to simplify a crucial calculation. This
theorem establishes an interesting relationship between the integral of a derivative
of a vector �eld over a three-dimensional region and the integral of the same vector
�eld along the boundary of that region.

Let's consider a simple example: imagine a closed surface in space (like the surface
of a sphere). If we want to calculate something within this surface (e.g., the sum
of values of a �eld), Stokes' theorem allows us to do so by simply looking at what
happens on the surface itself.

The equation (3.3.28) we presented in our calculation follows this idea. It tells
us that the integral of the derivative of a �eld (∇µδB

µ) over a four-dimensional
region (E ) can be equivalent to the integral of the divergence of another �eld
(
√
|g|δBµ) over the same region (E ). This equivalence is achieved through the

metric and a four-dimensional volume element (d4x).

Next, equation (3.3.29) further simpli�es the expression by bringing it to the
boundary of the region (δE ). It shows us that this equivalence can be expressed as
an integral along the boundary (δE ), using normal vectors (nµ) to that boundary
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and the induced metric on it (
√
|h|d3y). In other words, this equation allows

us to understand what happens on the surface of our region without having to
calculate what happens inside.

In summary, Stokes' theorem enables us to streamline our calculations by showing
us how phenomena within a region can be understood by simply examining what
happens on the boundary of that region. This mathematical trick is essential for
solving those complex problems.

We obtain then from equations 3.3.15 and 3.3.16:√
|h|
|g|

T (h,g)
µν =

√
|h|
|g|

−2√
|h|

δ(
√

|g|S(h,g))

δgµν
=

−2√
|g|

δ(
√
|g|S(h,g))√
δgµν

= −2
δS(h,g)

δgµν
+ gµνS(h,g)

(3.3.33)√
|g|
|h|

T (g,h)
µν =

√
|g|
|h|

−2√
|g|

δ(
√

|h|S(g,h))

δhµν
=

−2√
|h|

δ(
√

|h|S(g,h))√
δhµν

= −2
δS(g,h)

δhµν
+ hµνS(g,h)

(3.3.34)
Introduced into 3.3.11 and 3.3.12, taking 3.3.30 into account, we can thus deduce

the coupled �eld equations describing the system of the two entities:

R(g)
µν − 1

2
gµνG = Γ(g)

(
T (g,g)
µν +

√
|h|
|g|

T (h,g)
µν

)
(3.3.35)

R(h)
µν − 1

2
hµνH = κΓ(h)

(
T (h,h)
µν +

√
|g|
|h|

T (g,h)
µν

)
(3.3.36)

Which T
(h,g)
µν and T

(g,h)
µν are the interaction tensors of the two entities system corre-

sponding to the "induced geometry", i.e., the way each matter distribution on one layer
on the universe contributes to the geometry of the other6. This system must obey the
Bianchi conditions, which are expressed by the following relationship:

∇(g)
µ T (h,g)

µν = ∇(h)
µ T (g,h)

µν = 0 (3.3.37)

Suppose the �uids within entities g and h are perfect, with energy densities corre-
sponding to the following source tensors:

T (g,g)
µν =


α(g) 0 0 0
0 β(g) 0 0
0 0 β(g) 0
0 0 0 β(g)

 , T (h,h)
µν =


α(h) 0 0 0
0 β(h) 0 0
0 0 β(h) 0
0 0 0 β(h)

 (3.3.38)

We will take {α(g) > 0, β(g) > 0} and {α(h) < 0, β(h) < 0}. We will ensure that
interaction laws are such that two particles belonging to the same entity attract each

6Interaction between populations of positive and negative masses.
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other, while they repel each other when they belong to di�erent entities. Let's introduce
their interaction tensors:

T (h,g)
µν =


α(h,g) 0 0 0
0 β(h,g) 0 0
0 0 β(h,g) 0
0 0 0 β(h,g)

 , T (g,h)
µν =


α(g,h) 0 0 0
0 β(g,h) 0 0
0 0 β(g,h) 0
0 0 0 β(g,h)


(3.3.39)

To obtain the desired interaction laws under the Newtonian approximation, we must
choose κ = −1. The system of equations then becomes:

R(g)
µν − 1

2
gµνG = Γ(g)

(
T (g,g)
µν +

√
|h|
|g|

T (h,g)
µν

)
= Γ(g)

(
T (g,g)
µν + ΦT (h,g)

µν

)
(3.3.40)

R(h)
µν − 1

2
hµνH = −Γ(h)

(
T (h,h)
µν +

√
|g|
|h|

T (g,h)
µν

)
= −Γ(h)

(
T (h,h)
µν + ϕT (g,h)

µν

)
(3.3.41)

Veri�cation for a non-steady, homogeneous and isotropic system

If we suppose that the bimetric universe, structured by the coupled �eld equations
3.3.40 and 3.3.41, is homogeneous and isotropic, the Robertson-Walker metric becomes,
according to [1]:

(ds(f))2 = (c(f))2dt2 − (a(f))2

[
dr2 + r2(dθ2 + sin2 θdϕ2)

(1 + k(f) r2

4
)2

]
where f ∈ {g, h}

(3.3.42)
Note that a(f) is the spatial scale factor, k(f), c(f), and Γ(f) are respectively the

curvature indice, the speed of light, and the Einstein constant for each entity.

If we introduce these metrics into the system of equations 3.3.40 and 3.3.41 with
pressures p(g) ≈ 0 and p(h) ≈ 0, we get the following classical system of equations:

3

(c(g))
2
(a(g))

2

(
da(g)

dt

)2

+
3k(g)

(c(g))2 (a(g))
2 = −Γ(g)

[
ρ(g)

(
c(g)
)2

+ Φρ(h)
(
c(h)
)2]

(3.3.43)

2

(c(g))
2
(a(g))

2

d2a(g)

dt2
+

1

(c(g))
2
(a(g))

2

(
da(g)

dt

)2

+
k(g)

(c(g))
2
(a(g))

2 = 0 (3.3.44)

3

(c(h))
2
(a(h))

2

(
da(h)

dt

)2

+
3k(h)

(c(h))
2
(a(h))

2 = Γ(h)
[
ϕρ(g)

(
c(g)
)2

+ ρ(h)
(
c(h)
)2]

(3.3.45)

2

(c(h))
2
(a(h))

2

d2a(h)

dt2
+

1

(c(h))
2
(a(h))

2

(
da(h)

dt

)2

+
k(h)

(c(h))
2
(a(h))

2 = 0 (3.3.46)
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Applying classical mathematical methods by [1], the compatibility conditions of
equations 3.3.43, 3.3.44, 3.3.45 and 3.3.46 gives:

3
da(g)

a(g)
+

d
[
ρ(g)

(
c(g)
)2

+ Φρ(h)
(
c(h)
)2][

ρ(g) (c(g))
2
+ Φρ(h) (c(h))

2
] = 0 (3.3.47)

3
da(h)

a(h)
+

d
[
ϕρ(g)

(
c(g)
)2

+ ρ(h)
(
c(h)
)2][

ϕρ(g) (c(g))
2
+ ρ(h) (c(h))

2
] = 0 (3.3.48)

So, the energy (and mass) is conserved for dust universe:

E = ρ(g)
(
c(g)
)2 (

a(g)
)3

+ ρ(h)
(
c(h)
)2 (

a(h)
)3

(3.3.49)

If we have:

Φ =

(
a(h)

a(g)

)3

, ϕ =

(
a(g)

a(h)

)3

, ϕ = Φ−1 (3.3.50)

The coupled �eld equations become:

R(g)
µν − 1

2
gµνG = Γ(g)

[
T (g,g)
µν +

(
a(h)

a(g)

)3

T (h,g)
µν

]
(3.3.51)

R(h)
µν − 1

2
hµνH = −Γ(h)

[
T (h,h)
µν +

(
a(g)

a(h)

)3

T (g,h)
µν

]
(3.3.52)

If both entities are dominated by radiation. The interaction tensor in mixed mode
will be:

T ν
µ
(f) =


ρ
(f)
r c(f)

2
0 0 0

0 ρ
(f)
r c(f)

2

3
0 0

0 0 ρ
(f)
r c(f)

2

3
0

0 0 0 ρ
(f)
r c(f)

2

3

 =


ρ
(f)
r c(f)

2
0 0 0

0 −p
(f)
r 0 0

0 0 −p
(f)
r 0

0 0 0 −p
(f)
r


(3.3.53)

with {
if ρ(f)r > 0 then p

(f)
r > 0 for f = g

if ρ(f)r < 0 then p
(f)
r < 0 for f = h

NB :

� In a cosmological context, the energy-momentum tensor T ν
µ
(f) is used to describe

the distribution and interaction of matter and energy within the universe. For a
speci�c �eld f , the temporal component T 0

0
(f) denotes the energy density, which

is a primary determinant of space-time curvature. The spatial components T i
i
(f),
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on the other hand, represent the pressure exerted in spatial directions, also in-
�uencing the structure of space-time. In a bimetric model, where two distinct
�elds i.e., one for each layer of the universe, are considered, the associated con-
ditions describe the relationships between the energy densities and pressures for
each �eld, re�ecting how these entities interact and collectively in�uence cosmic
dynamics.

� The energy-momentum tensor is expressed in a diagonal form when considering
the universe as isotropic and homogeneous, meaning that its physical properties
are independent of direction and location. This assumption, fundamental to the
standard cosmological model, is known as the cosmological principle (Section
2.2.3). Isotropy implies that the universe appears the same in all directions; there
is no preferred direction where the distribution of matter or energy would di�er.
Homogeneity means that on large scales, every region of the universe resembles
any other region. Consequently, transverse energy and momentum �uxes, which
would be represented by non-diagonal terms in the tensor, are absent since there
is no preferred motion or energy �ow in any speci�c direction. Only the energy
densities and pressures in spatial directions, which are uniform and do not vary
with direction, are manifested in the energy-momentum tensor matrix, accounting
for its diagonal shape.

� It is important to note that the twin geometry of the Janus model is described
by two �eld equations, each including a mixed-mode coupling tensor T ν

µ
(g,h) and

T ν
µ
(h,g) on the right-hand side, weighted by the square root of the ratio of the

determinants of the two metrics7. We can then express expressions 3.3.51 and
3.3.52 in mixed form as follows:

Rν
µ
(g) − 1

2
δνµG = Γ(g)

[
T ν
µ
(g,g) +

√
h

g
T ν
µ
(h,g)

]
(3.3.54)

Rν
µ
(h) − 1

2
δνµH = −Γ(h)

[
T ν
µ
(h,h) +

√
g

h
T ν
µ
(g,h)

]
(3.3.55)

This tensor describes the negative gravitational lensing e�ect induced by the
masses of one layer of spacetime on those of the other. However, as we do not
know exactly how these populations a�ect each other, it is important to empha-
size that we are free to de�ne the interaction tensors T ν

µ
(g,h) and T ν

µ
(h,g) for each

mass population in such a way that the Bianchi identities are satis�ed.

For example, as we will see later in the study of the steady-state regime (Section
3.3.4), in the case where positive masses are predominant, the previous �eld equa-
tions reduce in mixed mode to 3.3.98 and 3.3.99 (Section 3.3.6). Thus, we can

7By performing the elementary calculation of the determinants of the metrics 3.3.42 for each species,
using the same curvature indices k(g) = k(h) and the same speeds of light c(g) = c(h), we can deduce
that the coe�cients ϕ and Φ in 3.3.50 can be respectively identi�ed with the factor

√
g
h and its inverse.

73



CHAPTER 3. JANUS COSMOLOGICAL MODEL

de�ne the energy-momentum tensor T ν
µ
(g,g)8 and the interaction tensor T ν

µ
(g,h) as

follows:

T ν
µ
(g,g) =


ρ(g) 0 0 0

0 − p(g)

c(g)
2 0 0

0 0 − p(g)

c(g)
2 0

0 0 0 − p(g)

c(g)
2

 (3.3.56)

T ν
µ
(g,h) =


ρ(g) 0 0 0

0 p(g)

c(g)
2 0 0

0 0 p(g)

c(g)
2 0

0 0 0 p(g)

c(g)
2

 (3.3.57)

By applying the Newtonian approximation9 to the Tolman-Oppenheimer-Volko�
di�erential equations 3.3.182 and 3.3.225 that result, we �nd the Euler equation
dp
dr

expressing the hydrostatic equilibrium10 approximately equal to −Gm(r)ρ(r)
r2

for
each equation. Thus, we obtain the pressure p′

c2
as being approximately equal to

−ρm
r2

for each equation (Sections 3.3.6 & Appendix). Therefore, both equations
asymptotically satisfy the Bianchi identities in the Newtonian limit.

� From a physicist's perspective, the focus is primarily on observable or measur-
able phenomena. However, in our �visible� universe, made up of galaxies with a
signi�cant retinue of matter and gas, the density of negative mass is negligible
according to the interaction principle of the Janus model where masses of opposite
signs mutually exclude each other (Figure 3.13). Therefore, the modeling of the
behavior of ordinary matter (including neutron stars) under the e�ect of gravi-
tation aligns with the solutions of Einstein's �eld equation, without the need to
consider interaction tensors, deemed negligible. Indeed, they only become signif-
icant in a spacetime dominated by negative masses such as the Dipole Repeller.
With positive mass density in turn being negligible, equations 3.3.54 and 3.3.55
reduce to:

Rν
µ
(g) − 1

2
δνµG = Γ(g)

√
h

g
T ν
µ
(h,g) (3.3.58)

Rν
µ
(h) − 1

2
δνµH = −Γ(h)T ν

µ
(h,h) (3.3.59)

Thus, a physicist will only study what can be observed, namely the �rst equation
3.3.58, allowing, for example, to determine the geodesics traveled by photons (of

8(13.1) page 425 de [1]
94πr3p ≪ mc2 and 2Gm

c2r ≪ 1
10Where the pressure at the center of the star is balanced by the gravitational force as a function of

density and mass
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positive energy) under the antigravitational e�ect generated by a spheroidal con-
glomerate of negative mass11

Next, by introducing radiative pressure induced by each entity:

p(g)r =
ρ
(g)
r

(
c(g)
)2

3
, p(h)r =

ρ
(h)
r

(
c(h)
)2

3
(3.3.61)

We can then consider that the entity carried by the metric h, referred to as dark
energy and dark matter, could be attributed to negative masses which, in the radiative
phase, would obey the same equation of state:

β(h) =
α(h)

3
(3.3.62)

Under these conditions, the conservation relation is still expressed, in its radiative
form, by the conservation of the sum of the two energies, that of the photon gas and
that of the negative masses:

ρ(g)r (c(g))2(a(g))4 + α(h)(a(h))4 = Constant (3.3.63)

The exact solution of the system, for curvature indices k(g) = k(h) = −1 and Γ(f) =
−8πG

c4
where f ∈ {g, h}, becomes a solution of the following equations:

a(g)
2 d2a(g)

dt2
=

Γ(g)

2
E (3.3.64)

a(h)
2 d2a(h)

dt2
= −Γ(h)

2
E (3.3.65)

If we suppose that E < 0, then a(g) > 0 and a(h) < 0. Thus, we can conclude that
the visible part of our universe accelerates, while the negative species decelerates. Here,
we observe the e�ect of the dominant negative species, which leads to the phenomenon
of cosmic expansion acceleration, as the right-hand side of the �rst equation becomes
positive ([57]):

11This phenomenon of negative gravitational lensing cannot be produced by a neutron star of negative
mass, since this conglomerate is composed only of antimatter with negative mass, which can form
immense proto-stars where the agitation speed of these components is negligible compared to the
speed of light in this medium (see section Nature of the primordial antimatter). The approximate
form of the interaction tensor can then be reduced to the following expression:

T ν
µ
(h,g) ≈


ρ(h)c(h)

2
0 0 0

0 0 0 0
0 0 0 0
0 0 0 0

 (3.3.60)
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Figure 3.11: Hubble Diagram of the Two Models (Linear Redshift)

This two-species system allows for the consolidation of the e�ects attributed to dark
matter and dark energy into a single entity composed of negative masses that combines
both actions, as illustrated by the following diagram:

Figure 3.12: Models of the Universe

Local veri�cation of a stationary system

In the study of the universe, we often simplify models to make them more manageable.
One common simpli�cation is to consider a small region of space as being e�ectively
empty and isolated from the vast complexities of the cosmos. This approach is partic-
ularly useful when we're interested in phenomena that occur over short periods, much
shorter than the timescales on which the universe itself changes. In such cases, we can
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use "time-independent" metrics, which means we assume the structure of space doesn't
change with time during our observation.

To add a bit of complexity, we sometimes introduce what are called "perturbations"
to the model. These perturbations are small modi�cations of an otherwise simple space
that we consider. They allow us to study how slight changes or disturbances might
a�ect the system. In our case, these perturbations are represented by terms like γ

(g)
µν

and γ
(h)
µν , which signify small deviations in the geometrical structure of space, potentially

representing di�erent aspects or components of the universe.

g(g)µν = η(g)µν + εγ(g)
µν , g(h)µν = η(h)µν + εγ(h)

µν (3.3.66)

For the metrics, we have:

(ds(g))2 = (c(g))2dt2 − (a(g))2[(dξ1)2 + (dξ2)2 + (dξ3)2] (3.3.67)

(ds(h))2 = (c(h))2dt2 − (a(h))2[(dξ1)2 + (dξ2)2 + (dξ3)2] (3.3.68)

In cosmology, when we talk about "quasi steady-state conditions", we mean a situ-
ation where certain aspects of the universe are assumed to be relatively constant over
the period we're studying. Speci�cally, in this context, the "spatial scale factors" of
the universe, which describe how the universe's size changes over time, are considered
constant. This is a useful approximation for studying certain short-term phenomena.

To go deeper into the physics of such a scenario, we use what's known as a "series
expansion" of the �eld equations. This is a mathematical technique where we break
down complex equations into simpler, more manageable parts. However, we only focus
on the most signi�cant parts � in this case, we ignore the terms of second order and
higher, as they have a minimal impact on the results for small-scale or short-term
scenarios.

The resulting simpli�ed equations, labeled as 3.3.69 and 3.3.70, describe the behavior
of perturbations in this quasi steady-state universe. These equations involve terms like
ϵγ00 and δρ, which represent small changes in the geometry of space and density of
matter, respectively.

εγ
(g)
00|β|β = −Γ(g)

[
δρ(g)

(
c(g)
)2

+

(
a(h)

a(g)

)3

δρ(h)
(
c(h)
)2]

(3.3.69)

εγ
(h)
00|β|β = Γ(h)

[
δρ(h)

(
c(h)
)2

+

(
a(g)

a(h)

)3

δρ(g)
(
c(g)
)2]

(3.3.70)

Furthermore, we de�ne "gravitational potentials" for each component of the universe,
denoted as Ψ(g) and Ψ(h). These potentials are related to the changes in space geometry
and are key to understanding the gravitational e�ects in di�erent regions or components
of the universe (as 2.3.112).

Ψ(g) =

(
c(g)
)2

2
εγ

(g)
00 , Ψ(h) =

(
c(h)
)2

2
εγ

(h)
00 (3.3.71)
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We obtain :

3∑
α=1

∂2Ψ(g)

∂ξα∂ξα
= −Γ(g)

(
a(g)
)2

2

[
δρ(g)

(
c(g)
)2

+

(
a(h)

a(g)

)3

δρ(h)
(
c(h)
)2]

(3.3.72)

3∑
α=1

∂2Ψ(h)

∂ξα∂ξα
= Γ(h)

(
a(h)
)2

2

[
δρ(h)

(
c(h)
)2

+

(
a(g)

a(h)

)3

δρ(g)
(
c(g)
)2]

(3.3.73)

In physics, particularly in the study of space and the universe, as we saw it on this
section 2.3.9, "geodesic equations" describe how objects move under the in�uence of
gravity. In simple terms, these equations tell us the path an object will take when it's
moving only under the force of gravity. For example, how planets orbit stars or how
objects fall on Earth.

In our scenario, we're dealing with two di�erent layers (or sheets) of the universe,
each with its own properties. The �rst layer, which we can think of as the ordinary
matter universe, follows one set of rules. The second layer of negative masses, associated
with dark matter and dark energy follows another set.

Next equations 3.3.74 and 3.3.75 are the way of mathematically expressing how ob-
jects would move in these two di�erent layers (The layer of ordinary matter and that of
negative masses respectively). These equations resemble the classical Poisson equation
in physics, which is used to describe gravitational �elds. However, the equations have
a twist � they account for di�erent "speeds of light" in each layer. This modi�cation
is crucial for exploring theories that go beyond our standard understanding of physics.

d2ξα

dt2
= − 1

(a(g))
2

∂Ψ(g)

∂ξα
(3.3.74)

d2ξα

dt2
= − 1

(a(h))
2

∂Ψ(h)

∂ξα
(3.3.75)

The interaction laws we have chosen ensure that the entities arising from the layers
structured by the metrics g and h mutually exclude each other (3.13).

Figure 3.13: Laws of interaction between masses

Therefore, we can consider a region where only one of the two entities is present.
Focusing on the reference frame structured by the metric g, which is populated by
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ordinary matter such as in the solar system, the system of coupled �eld equations
simpli�es to:

R(g)
µν − 1

2
gµνG = Γ(g)T (g,g)

µν (3.3.76)

R(h)
µν − 1

2
hµνH = −Γ(h)

√
|g|
|h|

T (g,h)
µν (3.3.77)

The �rst equation can be identi�ed with Einstein's equation without the cosmolog-
ical constant Λ. This equation represents the standard model of gravity for ordinary
matter. The second equation captures what might be termed "the induced geometry
e�ect". It describes how the geometry of space, in�uenced by the presence of ordinary
matter within a sphere of radius r and density ρ(g) = ρ, a�ects the geodesics of the
negative masses layer. Consequently, we can deduce that this bimetric model, in which
ordinary matter in one layer interacts with negative masses located in a second aligns
with the standard tests of general relativity at the local level. Nevertheless, it remains
crucial to verify the coherence of this system under stationary and non-homogeneous
conditions.

Nature of the primordial antimatter

Following A. Sakharov's propositions in [64], [65] and [67], suppose that the matter/an-
timatter pair in the �rst layer of our universe consists of quarks and antiquarks with
positive energy. Meanwhile, a matter/antimatter pair in a second layer is formed by
quarks and antiquarks with negative energy. If the synthesis of matter in the �rst layer
(the �rst pair) were faster, while the synthesis of antimatter in the second layer (the
second pair) were slower, this could lead to the hypothesis that objects at the centers
of large voids in the large-scale structure of the universe, as indicated by the dipole
repeller phenomenon, are composed of antimatter. This antimatter includes antipro-
tons, antineutrons, and antielectrons of negative energy12. These could form spheroidal
objects made of antihydrogen (light elements) with repulsive properties similar to im-
mense proto-stars that formed during the primordial radiative phase (at the beginning
of the universe).

The lacunar network of positive mass con�nes this space of negative density, pre-
venting them from merging. Conversely, these conglomerates of negative mass act as
anchor points for this porous network in the universe of positive masses, ensuring over-
all stability.

Indeed, the stars with positive mass initially resemble spheroidal clusters of gas,
heated to high temperatures. These proto-stars gradually cool down, emitting radia-
tion primarily in the red and infrared spectra. To transform into actual stars, matter

12Negative masses ([73]).
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and gases must undergo gravitational contraction, reaching su�ciently high tempera-
tures and densities to initiate thermonuclear fusion reactions. This contraction process
releases thermal energy, which is radiated from the star's surface in the form of electro-
magnetic radiation, including visible light. This energy release scales with the square of
the star's radius. Larger stars have greater surface areas and can dissipate more heat.
However, the amount of heat produced scales with the cube of the star's radius, which
is tied to its volume. Thus, for very massive stars, the cooling rate can be relatively
slow, and it can take a considerable amount of time before the temperature reaches the
threshold necessary to trigger the thermonuclear fusion reactions that allow the star to
shine.

In our positive world, it is considered that nuclear fusion reactions can begin at
the core of a proto-star when the temperature reaches an optimal temperature of ap-
proximately 10 million degrees Celsius. It is at this temperature that the hydrogen
nuclei, which make up the majority of the matter in the proto-star, acquire enough
kinetic energy to overcome the electrostatic barrier due to their positive charge. When
this barrier is crossed, the hydrogen nuclei can fuse to form helium, thus releasing a
considerable amount of radiant and thermal energy. This optimal temperature enables
a more e�cient nuclear fusion reaction, producing the characteristic brilliance of stars.

Thus, a very massive and very hot negative mass proto-star can take a long time to
cool down su�ciently for fusion reactions to begin because the proto-star's contraction
process must generate enough heat to compensate for the heat loss at the surface.

As a result, these massive negative mass proto-stars have such long cooling times
that they will never ignite (exceeding the age of the universe). Consequently, no galaxy,
heavy element, molecule, or any other form of matter necessary for the development of
life in the negative world can form.

2D numerical simulations

Two-dimensional numerical simulations have been performed using two sets of 5000
mass points, representing clusters of ordinary matter (population density ρ(g)) and
negative masses (population density ρ(h)). A signi�cant asymmetry was maintained
between the two populations, with |ρ(h)| being much greater than ρ(g). Additionally,
Maxwellian distributions of 2D thermal velocities were applied to both sets, with the
average velocity of the negative mass distribution being four times higher than that of
the ordinary matter.

These simulations revealed a lacunar structure of negative masses at the centers
of large voids in the large-scale structure of the universe. As the Jeans times vary
inversely with the square root of the density, the development time for the negative
mass distribution is shorter. This results in the formation of a regular network of
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spheroidal conglomerates. The distribution of ordinary matter, consequently, is forced
to occupy the remaining space, leading to a lacunar structure similar to a set of joined
soap bubbles in three-dimensional simulations. This pattern was also observed by
Brennen in 1995 [13] (Figures 3.14 and 3.15), as cited by El-Ad in 1997 ([25]).

Figure 3.14: Distribution of Ordinary Matter and Negative Masses when |ρ(h)| ≫ ρ(g)

Figure 3.15: Spheroidal Lacunar Structure

It is important to consider that in the study of negative masses, we lack observational
data to compare with potential numerical predictions, except for the geometry e�ects
induced by this reference frame (that of negative mass) through gravitational lensing
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phenomena that structure the metric gµν . Therefore, the pressure derived from the
Tolman-Oppenheimer-Volko� (TOV) di�erential equation 3.3.225 in spacetime struc-
tured by the metric hµν will always remain hypothetical. As a result, it is impractical
to attempt to structure the interaction tensor T ν

µ
(g,h) from the second �eld equation

3.3.99 (Section 3.3.6). Indeed, we will never be able to compare the results obtained
by calculating the geodesics of hµν with observational data related to the movement of
particles with negative mass. Instead, we must work with a function β(r) (unrelated to
negative pressure) solely to ensure the existence of a solution in this frame of reference
(3.3.104). The most important aspect is to de�ne the tensors in mixed mode 3.3.56
and 3.3.57 of each �eld equation in such a way that the pressure p′

c2
expressing the

hydrostatic equilibrium for each equation is the same and thus asymptotically satis�es
the Bianchi identities in the Newtonian limit.

To fully understand this induced geometry e�ect, one must place themselves within
the context of the system with two coupled �eld equations of the model. Indeed,
it is important to recall that it structures a 4D hypersurface according to 2 metrics
associated with 2 distinct spacetime layers. Each type of mass is associated with its
own metric, implying that a mass always creates a positive curvature in spacetime
according to its own metric (where the mass emits photons of visible energy) and
always a negative curvature in the conjugate metric (where the mass emits photons of
invisible energy) as we can see on next �gure 3.16.

Figure 3.16: Induced geometry e�ect

At the left of the �gure 3.16, the massive blue object belonging to the positive
universe creates a positive curvature. Consequently, it produces a positive gravitational
lensing e�ect on the image of a small positive mass m+, causing the convergence of
photons with positive energy ϕ+ around the massive blue object. However, this massive
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object induces a negative curvature in the negative universe. Therefore, even though it
is invisible, its apparent mass in the negative universe is "felt" as if it were negative.

Conversely, At the right of the �gure 3.16, the massive red object belongs to the
negative universe. It creates a positive curvature relative to its frame of reference (and
not a negative one). This massive object induces a negative curvature that is perceived
in our universe, even though its energy photons are invisible. Hence, we conclude that
its apparent mass is negative. Indeed, it produces a negative gravitational lensing ef-
fect on the image of a small mass m+, causing the divergence of photons with positive
energy ϕ+ around the invisible massive negative object, whose gravitational e�ect is
still present.

We can deduce several corollaries from the concept of negative mass:

� Fundamentally, there is no negative mass (and therefore no negative energy). At
least, the "negativity of mass" (and the "negativity of energy" as both are obvi-
ously linked) is not an intrinsic physical property of a "negative mass particle".
Indeed, the "negativity" or "positivity" of mass is merely a quantity of curvature
measured locally in spacetime by an observer. The sign of this curvature is rel-
ative to the reference frame of the hypersurface or metric in which this mass is
measured. It is, in fact, an apparent mass whose presence is only revealed by the
curvature it induces in spacetime.

In other words, all particles with mass in the universe possess exclusively pos-
itive inertial mass, but their gravitational mass is relative. The sign of their
gravitational mass is opposite (positive or negative) depending on the perspective
adopted: a mass distorts spacetime in its own metric, inducing a certain amount
of curvature that is always positive. However, it will be perceived as an apparent
mass in the opposite universe, from which an observer will perceive this curvature
as negative. This is due to the coupled nature of the �eld equations, and it results
in an e�ect known as conjugate curvatures. One could speak of "the same mass
inducing two opposite curvatures".

For example, Earth, seen from our reference frame, possesses positive mass.
Through an unknown process, imagine that you could reverse its energy (and
its mass). Earth (and all the stars in the sky) would disappear because you can
no longer perceive photons with positive energy. However, you can still perceive
and measure the curvature it continues to induce in our spacetime. By perform-
ing this measurement, you would detect that the now-invisible Earth possesses a
negative mass.

However, there is no distinct universe of positive energies and a universe of neg-
ative energies. It is merely an arbitrary choice in nomenclature. Both are equiv-
alent. By convention, we refer to the sector of the universe where we live as the
one composed of positive mass matter. The reversal of the arrow of time does
not mean that we start living "backward" and become younger. It is manifested
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physically by the inversion of particle energies. Once again, this inversion is a rel-
ative observation. In practice, it translates to a transition to the opposite sector
of the universe.

� It is important to note that particles of negative energy (and their photons)
cannot be detected by optical instruments because they follow geodesics of their
own metric hµν , distinct from the geodesics of our metric gµν . There are, therefore,
two sets of geodesics that never "cross" each other. Since positive-energy species
and negative-energy species cannot see each other and evolve along two distinct
families of geodesics, the two spacetime reference frames in which they reside
are respectively referred to as the positive mass frame and the negative mass
frame. Thus, these are two frames within the same 4D hypersurface, structured
by two coupled �eld equations, not just one. However, even though negative
masses are invisible to us because they do not interact electromagnetically with
our sector without exchanging photons, they only reveal their presence through
an anti-gravitational e�ect, as they induce opposite curvatures in our observable
sector.

� Negative masses are distributed throughout the universe, but their proportions
vary depending on the region of space we are in. They exist solely to contribute
to its stability through an anti-gravitational e�ect. The universe can be de�ned
by a hypersurface structured by two metrics that allow distances between points
to be measured in two di�erent ways, using two distinct sets of coordinates (three
spatial coordinates and one temporal coordinate). In a didactic manner, one can
envision this universe as a sheet of paper with two di�erent measuring grids on
each of its two sides.

3.3.5 Future Perspective

Experimental Approach to Mass Inversion

The scienti�c approach to understanding a phenomenon can be summarized in the
ability to reproduce and measure it. It is important to note that it is entirely possible
to demonstrate the phenomenon of mass inversion in a laboratory by inverting an
in�nitesimal amount of matter, provided that a signi�cant disruption of this matter can
be induced by producing electromagnetic parameters on the order of tens of millions of
tesla for a very short time, using explosives, for example. The Soviet Union had already
achieved a production of 100 million amperes by compressing a magnetic �ux with the
help of explosives in the 1950s, using a magneto-cumulative generator ([47]). It would
then be possible to demonstrate this mass inversion by measuring the gravitational
waves emitted and detected by the Virgo and Ligo laser interferometers.

84



CHAPTER 3. JANUS COSMOLOGICAL MODEL

Experimental Protocol for the Study of Mass Inversion via Nuclear Metastable
States

This approach proposes to explore the phenomenon of mass inversion in the laboratory
by exploiting the metastable states of speci�c atomic nuclei, such as those of platinum,
iridium, cobalt, and xenon. The goal is to store energy in these metastable states
before releasing it to induce a disruption of matter. The detection and characterization
of this phenomenon would be carried out by observing the emitted gravitational waves,
measured using �nely calibrated interferometers.

Nuclear Excitation: The �rst step of the protocol requires the excitation of atomic
nuclei to their metastable states. The energy levels required for such excitations are sig-
ni�cantly higher than those provided by standard laboratory lasers, lying in the range
of MeV (Mega Electron Volts) to GeV (Giga Electron Volts). Consequently, this proce-
dure requires the use of a particle accelerator capable of generating and concentrating
these high energies on the targeted atomic nuclei.

Isotope Selection: A meticulous selection of the appropriate isotope is essential.
The chosen isotope must have a metastable state whose half-life corresponds to the
desired time frame for energy storage. This half-life must be short enough to allow
controlled release of the energy, yet long enough to ensure temporary storage of the
injected energy. The ideal half-life would be on the order of a fraction of a second.

Measurement of Gravitational Waves: The detection of mass inversion would
be carried out by measuring the gravitational waves emitted during the disruption of
matter. This step involves the use of high-precision interferometers, calibrated to detect
extremely subtle variations in the gravitational �eld resulting from the experiment.

Conclusion: This experimental protocol proposes an innovative method to study
mass inversion, a still theoretical phenomenon at local scale. The experimentation
requires cutting-edge equipment, notably a particle accelerator, and expertise in nuclear
physics, optics, and the measurement of gravitational waves.

Quanti�cation of Gravity

An uni�cation of the Theory of Relativity with Quantum Mechanics would only be
possible through the quantization of gravity. However, there is no concept of energy
quantization in the Theory of Relativity, except for the mass-energy equivalence since
Einstein's �eld equation does not fundamentally describe particles. This is why string
theory is the only contemporary approach accepted and acceptable to bridge the gap
between Relativity and Quantum Mechanics. Nevertheless, this uni�cation is impossi-
ble within this approach because Quantum Mechanics considers forces in terms of �elds,
and a particle is required in these �elds to convey interaction. For instance, the photon
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is the elementary particle that conveys the electromagnetic �eld, and its quantization
is possible because of the consideration of positive and negative electric charges. Con-
versely, the only particle emerging from string theory to convey gravity is the graviton,
but this pseudo-particle has never been experimentally observed. Indeed, the concept
of quantum gravity remains speculative within this model. An alternative conjecture
for quantizing gravity at the quantum scale would involve considering the existence of
masses with opposite signs that exhibit repulsive properties within the model, similar
to the model of photons with oppositely charged electric charges to convey interaction.
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3.3.6 Response to Criticisms Published by Dr. Thibault Damour

on the IHES Website

The physical and mathematical coherence of the Janus model was questioned by the
academician Thibault Damour in a correspondence dated January 7, 2019, sent by reg-
istered mail with acknowledgment of receipt to my home13.

Here is its content:

13http://www.jp-petit.org/papers/cosmo/2019-Damour-lettre.pdf
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Let's reexamine the context. Since 2014, we had vainly attempted to be received by
T. Damour, wishing to present our work to him, but without receiving any response.
Therefore, we undertook, starting in 2017, to publish online on the YouTube platform
a lengthy series of 40 videos presenting the Janus model14.

Annoyed by the growing public interest in this model, T. Damour decided to put
an end to what he considered a scienti�c imposture. Thus, he sent us his arguments
in a �rst article published online on the same day, January 4, 2019, on his page at the
Institute of Advanced Studies in Bures-sur-Yvette. This document, still available, can
be accessed15.

Equations like those of the Janus model must indeed satisfy mathematical conditions
called "Bianchi conditions". For instance, the equations proposed in 2014, published
in the journal Astrophysics and Space Science [55]16 in the article titled Negative Mass
hypothesis in cosmology and the nature of dark energy, describing a non-stationary, ho-
mogeneous, and isotropic solution, are mathematically correct. T. Damour, unaware of
the existence of this �rst paper, which accounts for the acceleration of cosmic expan-
sion by attributing it to the universe's content in negative mass, focuses on a second
article, published the same year in another journal Modern Physics Letters A [54], ti-
tled Cosmological Bimetric model with interacting positive and negative masses and two
di�erent speeds of light, in agreement with the observed acceleration of the Universe. In
this article, the system of equations is described as follows:

14http://www.jp-petit.org/nouv_f/VIDEOS_JANUS.htm
15https://www.ihes.fr/~damour/publications/JanusJanvier2019-1.pdf
16https://jp-petit.org/papers/cosmo/2014-AstrophysSpaceSci2.pdf
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In this article, we revisit the speci�c case of the time-dependent homogeneous and
isotropic solution, for which the system of equations becomes, as published in the
previous article:

The previous equations are recognized. This second article aimed to extend the
previous one by showing that the speeds of light could be di�erent in the two "sheets".
However, T. Damour's attention was drawn to the system of coupled �eld equations
(2a) and (2b).

It should be noted that a model in cosmology or physics does not instantly emerge
in a de�nitive form, perfectly coherent mathematically. We were fully aware of the
issue that remained to be resolved in 2014. By the time T. Damour's entirely justi�ed
critique, focusing on this system (2a-2b), appeared, we had just resolved it, in the form
of an article that had been published a few days earlier (the �rst in January 2019) in
the journal Progress in Physics [59]17.

Therefore, we immediately wrote to T. Damour to send him our article, while rec-
ognizing the relevance of his critique, for which we are thankful.

What then is the subject of such criticism?

In the system of coupled �eld equations (2a-2b), the terms on the left-hand sides
involve the Ricci tensors R(+)

µν and R
(−)
µν and the corresponding Ricci scalars R(+) and

R(−). These terms are calculated from the two metrics g(+)
µν and g

(−)
µν .

Using these two metrics, the form of two so-called covariant derivative operators
∇(+)

µ and ∇(−)
µ are then calculated. It turns out that, due to their form, the left-hand

17https://www.jp-petit.org/papers/cosmo/2019-Progress-in-Physics-1.pdf
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sides of the two equations identically satisfy the following relation:

∇(+)
µ

(
R(+)

µν − 1

2
R(+)g(+)

µν

)
= 0 (3.3.78)

∇(−)
µ

(
R(−)

µν − 1

2
R(−)g(−)

µν

)
= 0 (3.3.79)

The two tensors, T (+)
µν and T

(−)
µν , also satisfy the following condition:

∇(+)
µ T (+)

µν = 0 (3.3.80)

∇(−)
µ T (−)

µν = 0 (3.3.81)

It follows that if the �eld equations correspond to those presented in 2014 in the
journal Modern Physics Letters A, we should also have:

∇(+)
µ T (−)

µν = 0 (3.3.82)

∇(−)
µ T (+)

µν = 0 (3.3.83)

These are the equations that then lead to a contradiction.

Let us now speak the language of the physicist. What meaning is to be given to the
tensors on the right-hand sides of the equations? They are the sources of the gravita-
tional �eld.

There are two �observers�. One observer of positive mass, who perceives this gravi-
tational �eld through the metric g(+)

µν by following the geodesics that emanate from it.

And an observer of negative masses, who perceives this gravitational �eld through
the metric g(−)

µν by following the geodesics that emanate from it. Thus :

� The source of the �eld T
(+)
µν represents the action of positive masses on positive

masses.

� The source of the �eld T
(−)
µν represents the action of negative masses on negative

masses.

In the two right-hand sides are two source terms, which we can call interaction
tensors, and which represent:

� The action of negative masses on positive masses. This could be denoted by
T

(−/+)
µν .

� The action of positive masses on negative masses. This could be denoted by
T

(+/−)
µν .
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Under these conditions, this would have led us to write this system of equations in
the following way:

R(+)
µν − 1

2
R(+)g(+)

µν = χ
[
T (+)
µν + T (−/+)

µν

]
(3.3.84)

R(−)
µν − 1

2
R(−)g(−)

µν = −χ
[
T (−)
µν + T (+/−)

µν

]
(3.3.85)

By a priori assuming the satisfaction of the following conditions:

∇(+)
µ T (−/+)

µν = 0 (3.3.86)

∇(−)
µ T (+/−)

µν = 0 (3.3.87)

Placing ourselves in a non-stationary, homogeneous, and isotropic regime, the system
then became:

R(+)
µν − 1

2
R(+)g(+)

µν = χ

[
T (+)
µν +

a(−)3

a(+)3
T (−)
µν

]
(3.3.88)

R(−)
µν − 1

2
R(−)g(−)

µν = −χ

[
T (−)
µν +

a(+)3

a(−)3
T (+)
µν

]
(3.3.89)

Which was then mathematically and physically coherent. That is, in this case, our
interaction tensors would become:

T (−/+)
µν =

a(−)3

a(+)3
T (−)
µν (3.3.90)

T (+/−)
µν =

a(+)3

a(−)3
T (+)
µν (3.3.91)

Why did we write the system of equations (2a-2b)? Which amounted to considering:

T (−/+)
µν = T (−)

µν (3.3.92)

T (+/−)
µν = T (+)

µν (3.3.93)

Why did we write the system of equations (2a-2b)? Which amounted to considering:

T (−/+)
µν = T (−)

µν (3.3.94)

T (+/−)
µν = T (+)

µν (3.3.95)

There was no real reason. It was a typographical error. All the more so since we
immediately opted for the particular case of the non-stationary, homogeneous, isotropic
solution represented by equations 3.3.88 and 3.3.89, which is physically and mathemat-
ically coherent.
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We should have written the system of equations 3.3.84 and 3.3.85. But the fact
is that it was presented this way. T. Damour, therefore, focused on this error, basing
on this incorrect presentation, the idea that the entire body of work was marked by
inconsistency.

Starting from this incorrect system of equations, let's see how the physical and
mathematical inconsistency manifests itself.

The Bianchi conditions are of a mathematical essence. They have a physical mean-
ing. In an isotropic, homogeneous, and non-stationary context, they translate into a
generalized conservation of energy. Indeed, in the course of calculation, in the articles
published in 2014 in both journals, we arrive at the energy conservation relation (Ex-
pression (10) of [54]).

It should be noted that, when considering Einstein's �eld equation, it implies the
conservation of energy. In bimetric theory, relation (10) of [54], which translates into a
generalized conservation of energy, is very satisfying for the physicist.

The conditions for mathematical coherence, in the non-stationary case, �nd their
physical equivalent. When the situation is stationary, they express a state of balance
between the force of gravity and the pressure force inside the mass, in the body of a
massive star that creates the gravitational �eld.

Consider a massive body whose mass density is considered to be approximately
constant, for example, the Earth. We know how to calculate the gravitational �eld
inside the Earth: it is null at the center and maximal at the surface. We know that
the (Newtonian) �eld produced by a spherical mass, at a distance r from the center of
the system, is equal to the Newtonian �eld that would be produced by a mass M(r)
concentrated at the geometric center, which is:

M(r) =
4

3
πr3ρ (3.3.96)

The gravitational �eld is then proportional to the distance from the center, equal
to 4

3
πGrρ.

By stating that this �eld balances the pressure force, we arrive at Euler's relation
expressing hydrostatic equilibrium, namely the balance between the gravitational force
and the pressure force in a �uid of uniform density:

dp

dr
= −GMρ

r2
(3.3.97)

Calculating the Bianchi condition should yield this relationship for a massive body
with constant mass density.
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Let's see how this type of calculation is managed in relativity.

We will now move away from the notations of the publications with their metrics
g
(+)
µν and g

(−)
µν . In this work, we opt for gµν and hµν .

The Ricci tensors are R(g)
µν and R

(h)
µν , and the Ricci scalars G and H.

This refers us to page 65 of this work. The derivation of the �eld equation system
has revealed the square root of the ratio of the determinants of the two metrics, which
is also found in the article [33] by S. Hossenfelder. The system is then written in mixed
tensor notations 3.3.54 and 3.3.55.

Relation 3.3.37 allows retrieving the condition for the nullity of the covariant deriva-
tive of the interaction tensors.

In general relativity, analysis focuses on speci�c cases that are mathematically man-
ageable, often associated with extreme physical situations. These situations include:

� A homogeneous and isotropic universe that is dynamic rather than static.

� Stationary solutions exhibiting spherical symmetry, invariant under the action of
the SO(3) group. For these cases, it is possible to determine metric solutions that
describe both the interior and exterior of spheroidal bodies.

� Stationary and axisymmetric solutions, invariant under the action of the SO(2)
group. Here, only the exterior metric is known, as in the case of the Kerr met-
ric. The ongoing challenge in cosmology is to �nd a corresponding interior metric.

These scenarios de�ne the framework of the study.

In the context of the Janus model, the approach is similar. As masses of opposite
signs repel each other, they do not coexist. Therefore, the study will be limited to
situations where either one or the other of the two types of masses is predominant, the
other having a density considered negligible in the region of space in question.

When positive mass is dominant, the �eld equations become:

Rν
µ
(g) − 1

2
δνµG = χT ν

µ
(g,g) (3.3.98)

Rν
µ
(h) − 1

2
δνµH = −χ

√
|g|
|h|

T ν
µ
(g,h) (3.3.99)

It is the same system of equations, tensorial, but written in mixed notation. Under
these conditions, the metric tensors are identi�ed with the Kronecker delta symbol
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(2.3.53). The advantage is that the source tensors are expressed in a simple way:

T ν
µ
(g,g) =


ρ(g)c(g)

2
0 0 0

0 −p(g) 0 0
0 0 −p(g) 0
0 0 0 −p(g)

 (3.3.100)

T ν
µ
(h,h) =


ρ(h)c(h)

2
0 0 0

0 −p(h) 0 0
0 0 −p(h) 0
0 0 0 −p(h)

 (3.3.101)

When, on the contrary, it is the negative mass that dominates (as in the case of the
�Dipole Repeller�), the system of equations becomes:

Rν
µ
(g) − 1

2
δνµG = χ

√
|h|
|g|

T ν
µ
(h,g) (3.3.102)

Rν
µ
(h) − 1

2
δνµH = −χT ν

µ
(h,h) (3.3.103)

In the continuation of our analysis, it will su�ce to consider one of the two cases.
We will rely on the system of equations 3.3.98 and 3.3.99, as treated by T. Damour in
his January 2019 article.

In the context of this symmetry, the interaction tensor to be de�ned must have a
speci�c form:

T ν
µ
(g,h) =


α 0 0 0
0 β 0 0
0 0 β 0
0 0 0 β

 (3.3.104)

This is necessary to satisfy condition 3.3.37, which describes the in�uence of species
g on species h, that is, the e�ect of induced geometry by one population on the other.

Applying the zero divergence condition to equation 3.3.98 leads us to Euler's equa-
tion expressing hydrostatic equilibrium:

dp(g)

dr
= −GM(r)ρ(r)(g)

r2
(3.3.105)

Based on the system composed of the two equations (2a-2b) resulting from the
typographical error in our 2014 publication in Modern Physics Letters A, we must
express the interaction tensor as follows:

T ν
µ
(g,h) =


ρ(g)c(g)

2
0 0 0

0 −p(g) 0 0
0 0 −p(g) 0
0 0 0 −p(g)

 (3.3.106)
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Under these conditions, as demonstrated by T. Damour in his January 2019 article,
the zero divergence condition leads to the following relation contradicting 3.3.105:

dp(g)

dr
= +

GM(r)ρ(r)(g)

r2
(3.3.107)

There is obviously a physical and mathematical inconsistency, which results from an
inappropriate choice of the interaction tensor. Indeed, nothing a priori requires us to
adopt the expression 3.3.106. The zero divergence condition can be satis�ed by using
two functions, α(r) and β(r), whose nature remains to be de�ned and constructed.

On the other hand, what we were able to establish in 2019 is that the choice of the
following interaction tensor:

T ν
µ
(g,h) =


ρ(g)c(g)

2
0 0 0

0 p(g) 0 0
0 0 p(g) 0
0 0 0 p(g)

 (3.3.108)

eliminated this inconsistency, in the case of the Newtonian approximation, the foun-
dations of which are recalled as follows:

� The velocities considered are small compared to the speed of light

� The e�ects of space curvature remain moderate.

How do we interpret the �rst condition?

The cosmic �uid is assimilated to a perfect gas. Under this assumption, if ⟨v2⟩
represents the mean square velocity (associated with thermal agitation), the pressure
can be expressed by the following relation:

p(g) =
ρ(g)⟨v(g)⟩2

3
(3.3.109)

Thus, we can deduce that:

v(g) ≪ c(g) =⇒ |p(g)| ≪ ρ(g)c(g)
2

(3.3.110)

Recalling that pressure is nothing but a volumetric density of kinetic energy related
to thermal agitation, how can we manage the condition of weak curvature?

The inequality r ≫ 2m (where m is often replaced by GM
c2

to obtain a dimension
of length, M being the mass of the object) indicates that we are su�ciently far from
the gravitational source for the e�ects of general relativity to be negligible. Indeed, at
large distances (r), the term 2GM

c2
18 becomes very small.

18corresponding to the gravitational characteristic length called the �Schwarzschild radius�
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It is important to note that for a star like the Sun, the Schwarzschild radius, which
depends solely on mass, is about 3 km, which is negligible compared to the diameter
of the star. This observation is valid for all observable celestial objects, except for
neutron stars where space-time curvature e�ects become signi�cant. Similarly, hyper-
massive objects located at the heart of galaxies are excluded, their nature remaining to
be speci�ed in more detail.

Therefore, this approach restricts the �eld of study to objects that fall within the
framework of the Newtonian approximation, which represents 99% of observable ob-
jects.

As will be demonstrated in the detailed analysis that follows, by choosing the inter-
action tensor in the form 3.3.108 and taking into account these Newtonian conditions,
we retrieve the relation 3.3.105 and the apparent contradiction is resolved.

Before detailing this analysis, let's go back to our exchanges with T. Damour. In
vain, we attempted to communicate this point to him in 2019. We received no response
to our letters, nor to our invitation to an informal meeting "in front of a blackboard,
without recording or witnesses." For �ve years, we made similar approaches, including
to Étienne Ghys, an eminent mathematician and geometer, as well as the perpetual
secretary of the Academy of Sciences, regarding these theoretical questions.

At the end of 2019, in the absence of responses, we posted the details of this calcu-
lation on our website so that our scienti�c colleagues, teachers, engineers, and students
could access it19.

It provides a complete explanation of the calculations.

The details of the calculations are presented in the following Appendix and attention
may be paid to equations 3.3.182 and 3.3.225, which, as explained, both lead to Euler's
relation under the Newtonian approximation, namely equation 3.3.105, dispelling the
apparent mathematical and physical contradiction.

We had informed T. Damour of our observation after the publication of his article
on January 7, 2019. However, it seems that he did not become aware of this text until
November 2022.

Several scienti�c and academic colleagues, having incorporated the detail of this
calculation and being dismayed by T. Damour's silence for three years, sent him a
registered letter with acknowledgment of receipt on November 2, 2022, asking him to

19http://www.jp-petit.org/papers/cosmo/2019-to-Damour-3.pdf
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respond to our questions20.

In response, T. Damour quickly published a new article online on December 12,
202221.

Allow me to quote an excerpt from this article:

20https://www.jp-petit.org/papers/cosmo/2022-11-02-Duval-to-Damour.pdf
21https://www.jp-petit.org/papers/cosmo/2022-12-12-Damour-IHES.pdf
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And he writes, further on:

In his analysis, T. Damour questions this interaction scheme by writing:

And ends by concluding:

This shows that T. Damour did not take into account the e�ect of the �minus� sign
present in the right-hand side of the second �eld equation, whose solution is the metric
hµν , from which derive the geodesics followed by negative masses:

R(g)
µν − 1

2
gµνG = χ

(
T (g,g)
µν +

√
|h|
|g|

T (h,g)
µν

)
(3.3.35) (3.3.111)

R(h)
µν − 1

2
hµνH = -χ

(
T (h,h)
µν +

√
|g|
|h|

T (g,h)
µν

)
(3.3.36) (3.3.112)

We have used the notations of this work. Thus, without the �minus� sign, neg-
ative masses would repel negative masses, which corresponds to the contribution of
the term T

(h,h)
µν to the �eld. Conversely, positive masses attract each other, as indi-

cated by the contribution of the term
√

|g|
|h|T

(g,h)
µν . However, it is the �minus� sign that
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reverses the direction of these forces, a detail that T. Damour seems to have overlooked.

In the continuation of his article, T. Damour addresses the issue of satisfying the
Bianchi conditions in the Newtonian approximation regime, a point he seems to have
recently discovered, three years late. He states:

Then, he writes the two equations of state:

Agreeing three years later, that the previously observed contradiction disappears
within the framework of the Newtonian approximation.

We immediately wrote to T. Damour to point out that his interpretation regarding
the direction of the forces was incorrect, and that the contradiction related to the laws
of interaction stemmed solely from his calculation errors22.

We then write to him:

22https://www.jp-petit.org/papers/cosmo/2022-12-14-to-Damour.pdf
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T. Damour withdraws his version dated December 12, 2022, and replaces it with a
new article on December 28, 202223.

Let's quote him:

Despite the clari�cation provided in our correspondence of December 12, 2022, T.

23https://www.jp-petit.org/papers/cosmo/2022-12-28-Damour-IHES.pdf
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Damour maintained his conclusion on the inconsistency of the laws of force. This
demonstrates that he either did not grasp or did not wish to grasp the explanations
provided.

It is then noteworthy, upon reexamining his text from December 12, 2022, that al-
though the Newtonian approximation eliminates the contradiction, he revisits the case
of a relativistic solution for the interior of neutron stars, where such approximations
are inadequate. Indeed, the terms α(r) and β(r) present in the interaction tensor must
be chosen so as to satisfy the zero divergence condition 3.3.37. This would theoretically
allow for the construction of the metric hµν . However, what tangible observation would
this yield? None.

Indeed, this would allow modeling the geodesics taken by photons of negative en-
ergy, which remain unobservable. Therefore, we are not obliged to construct this second
metric. However, it is perfectly possible to construct the interior metric gµν in its nonlin-
ear form, namely that of a �Schwarzschild interior solution�, which leads to the famous
TOV equation of state. This solution had already been proposed by Karl Schwarzschild
in his second article of February 1916 [69].

What then, when the �eld is generated by a negative mass? We observe this in re-
gions where the repulsive e�ect is evident, on both masses and negative energy photons,
due to the presence of a conglomerate of negative mass acting as the �Dipole Repeller�.

In such cases, where the object is extended, the Newtonian approximation is entirely
adequate. The thermal agitation speeds of atoms of negative mass antimatter are in-
signi�cant compared to the speed of negative energy light. Similarly, the Schwarzschild
radius associated with the object is negligible compared to its diameter.

The only situation where relativistic corrections might be necessary would be in the
case of a neutron star with negative mass. However, such objects do not exist according
to our approach (see the section Nature of the primordial antimatter).

Thus, we have established a theoretical framework capable of covering all possible
cases and addressing the objections raised by T. Damour.

T. Damour �nally acknowledged, after three years of delay in his articles of Decem-
ber 12 and 28, 2022, that there is no manifest inconsistency within the framework of
the Newtonian approximation. Therefore, he is not obliged to provide a detailed ex-
planation of the calculation leading to the equations of state. Nonetheless, we consider
this necessary to convince the reader.

However, it is not essential to provide a detailed analysis of the calculation of the
covariant derivative operators. The contradiction outside the Newtonian framework
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simply manifests in the e�ort to construct a metric solution based on simple symmetry
assumptions, namely:

� Stationarity

� Invariance under the action of the SO(3) group

It could be objected that this limits the examination to systems presenting spherical
symmetry and free of rotation. But to be rigorous, one should consider:

� The exterior metric, namely that of Kerr.

� An interior metric describing the geometry inside a rotating mass.

The construction of this second metric, which would complement that of Kerr, re-
mains to this day an un�nished task.

Therefore, the focus is on constructing the interior solution with spherical symmetry.
This refers to the calculation described starting from page 22 of the article sent to T.
Damour in 201924. The relevant detail of these calculations being presented in the
Appendix.

24http://www.jp-petit.org/papers/cosmo/2019-to-Damour-3.pdf
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3.3.7 Appendix

To achieve a complete geometric solution, the model must be capable of reproducing
the solution initially developed by K. Schwarzschild in 1916 [70], and extending it to
the internal geometry of a sphere �lled with incompressible �uid [69].

Mastery of this solution is crucial for calculating the attenuation of the brightness of
a distant source, after the light rays it emits have passed through a cluster of negative
mass. Indeed, while photons of positive energy interact with positive mass matter25,
they only undergo an anti-gravitational interaction when passing through a negative
mass. The schematic representation of this phenomenon is illustrated in 3.17.

Figure 3.17: Deviation of positively energy photons by a negative mass.

An analogous situation would arise if we considered a beam of parallel neutrinos
of positive energy (or of low mass) passing through a homogeneous mass, also positive
(�gure 3.18). The trajectories, in both cases, when the curvature remains moderate,
are very close to hyperbolas. In both cases, the angle of deviation, whether positive
or negative, reaches a maximum (C) when the geodesic is tangent to the limit of the
mass, positive or negative. It then decreases steadily to zero at very large distances
(D). The angle of deviation is null, due to symmetry, when the geodesic passes through
the center of the mass (A).

25being emitted or absorbed by it
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Figure 3.18: Deviation of positively energy neutrinos by a positive mass.

In this calculation of the geodesic trajectories corresponding to this "Schwarzschild
interior solution" [69] and under quasi-Newtonian conditions, particles, with null or
non-null mass, undergo the deviation (B) which would correspond to the action of the
mass contained within the dotted sphere, concentrated at the center. A sphere tangent
to the line (C) corresponds to the maximum deviation. For line (A), passing through
the center of the sphere, it is null. At distance (D), the deviation tends towards zero.

By developing a calculation similar to the construction of the interior metric (14.47)
of [1], we can write:

ds(g)
2
= −eν

(g)

dx02 + eλ
(g)

dr2 + r2dϕ2 + r2 sin2 θdϕ2 (3.3.113)

ds(h)
2
= −eν

(h)

dx02 + eλ
(h)

dr2 + r2dϕ2 + r2 sin2 θdϕ2 (3.3.114)

Let us now consider these two metrics under the signature (+−−−):

ds(g)
2
= eν(r)

(g)

dx02 − eλ(r)
(g)

dr2 − r2dϕ2 − r2 sin2 θdϕ2 (3.3.115)

ds(h)
2
= eν(r)

(h)

dx02 − eλ(r)
(h)

dr2 − r2dϕ2 − r2 sin2 θdϕ2 (3.3.116)

In the framework of general relativity, the form of the metric describing a spheri-
cally symmetric and static spacetime is often expressed in terms of speci�c functions to
facilitate the analysis of Einstein's equations. One of the most suited solutions to these
equations is the exterior Schwarzschild metric 2.3.115, which describes the spacetime
around a point mass in empty space. This solution does not explicitly make use of ex-
ponential functions in its most well-known form, but more general forms of spherically
symmetric metrics can introduce them to model various matter con�gurations.

104



CHAPTER 3. JANUS COSMOLOGICAL MODEL

In situations where the matter distribution is not point-like or in regimes of strong
spatio-temporal curvature, exponential functions such as eν(r) and eλ(r) can be intro-
duced to describe the gravitational potential and the curvature of space. These ex-
ponential functions facilitate the mathematical handling of di�erential equations by
ensuring certain physical properties, such as the �atness of spacetime at in�nity26.

The function ν(r) is related to the gravitational potential perceived by an observer
at in�nity, while λ(r) concerns the space curvature due to the presence of matter. For
a general spherically symmetric metric, the line element can be written in the form
3.3.115. This formulation allows adapting the metric to di�erent matter distributions
and capturing the behavior of gravity in varied contexts, ranging from weak gravita-
tional �elds to extreme regimes near supermassive objects such as neutron stars. Thus,
the gravitational potential can increase in an "exponential" manner near such objects,
and exponential functions can capture this behavior accurately.

In the continuation of our analysis, we will rely on the system of equations 3.3.98
and 3.3.99 in the steady-state regime where negative masses are negligible compared to
positive masses. We will then determine the solution for each of these �eld equations
in the Newtonian limit.

Solution to the First Field Equation 3.3.98

We can express the metric tensor 3.3.115 as follows27:

gµν =


eν(r) 0 0 0
0 −eλ(r) 0 0
0 0 −r2 0
0 0 0 −r2 sin2 θ

 gµν =


e−ν(r) 0 0 0
0 −e−λ(r) 0 0
0 0 − 1

r2
0

0 0 0 − 1
r2 sin2 θ


(3.3.117)

And we know that :

gνµ = δνµ (3.3.118)

We will now calculate the Christo�el symbols28 of the metric tensor 3.3.115 accord-
ing to the relation 2.3.71.

It is noteworthy that this is a static and spherically symmetric metric often used in

26This is a characteristic of Minkowski spacetime.
27To simplify the notation, the exponent (g) will not be considered throughout the demonstration.
28The Christo�el symbols are also known as the Levi-Civita connection coe�cients, as we have seen

before.

105



CHAPTER 3. JANUS COSMOLOGICAL MODEL

general relativity. The non-zero components of the metric tensor are:

gtt = eν(r) (3.3.119)

grr = −eλ(r) (3.3.120)

gθθ = −r2 (3.3.121)

gϕϕ = −r2 sin2 θ (3.3.122)

And the components of the inverse metric gβα are simply the inverse of the diagonal
elements29:

gtt = e−ν(r) (3.3.123)

grr = −e−λ(r) (3.3.124)

gθθ = − 1

r2
(3.3.125)

gϕϕ = − 1

r2 sin2 θ
(3.3.126)

Given that this metric is diagonal, the calculation simpli�es considerably. Many of
the Christo�el symbols will be zero because the partial derivatives of the non-diagonal
components are zero. We only need to calculate the non-zero components for:

� Γr
tt :

Γr
tt =

1

2
grr
(
−∂gtt

∂r

)
=

1

2
(−e−λ)

[
− d

dr
(eν)

]
=

1

2
eν−λdν

dr
=

1

2
eν−λν ′ (3.3.127)

� Γr
rr :

Γr
rr =

1

2
grr
(
∂grr
∂r

)
=

1

2
(−e−λ)

[
d

dr
(−eλ)

]
=

1

2

dλ

dr
=

1

2
λ′ (3.3.128)

� Γr
θθ :

Γr
θθ =

1

2
grr
(
−∂gθθ

∂r

)
=

1

2
(−e−λ)(−2r) = re−λ (3.3.129)

� Γr
ϕϕ :

Γr
ϕϕ =

1

2
grr
(
−∂gϕϕ

∂r

)
=

1

2
(−e−λ)(−2r sin2 θ) = re−λ sin2 θ (3.3.130)

� Γθ
rθ et Γ

ϕ
rϕ :

Γθ
rθ = Γϕ

rϕ =
1

2
gθθ
(
∂gθθ
∂r

)
=

1

2

(
− 1

r2

)
(−2r) =

1

r
(3.3.131)

29The non-diagonal elements are zero.
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� Γθ
ϕϕ :

Γθ
ϕϕ =

1

2
gθθ
(
−∂gϕϕ

∂θ

)
=

1

2

(
− 1

r2

)
(−2r2 sin θ cos θ) = sin θ cos θ (3.3.132)

� Γϕ
θϕ :

Γϕ
θϕ =

1

2
gϕϕ
(
∂gϕϕ
∂θ

)
=

1

2

(
− 1

r2 sin2 θ

)
(2r2 sin θ cos θ) = cot θ (3.3.133)

� Γt
rt :

Γt
rt =

1

2
gtt
(
∂gtt
∂r

)
=

1

2
e−ν

(
d

dr
eν
)

=
1

2

dν

dr
=

1

2
ν ′ (3.3.134)

We can then calculate the necessary components of the Riemann tensor to obtain
one of the Rtt components of the Ricci tensor in a spherically symmetric spacetime
according to the following relation (derived from 3.3.20):

Rtt = Rr
trt +Rθ

tθt +Rϕ
tϕt (3.3.135)

However, the �rst component is given by:

Rr
trt = ∂tΓ

r
rt − ∂rΓ

r
tt + Γr

tλΓ
λ
rt − Γr

rλΓ
λ
tt (3.3.136)

Thus, by substitifying each Christo�el symbol with its previously calculated value,
and considering that the metric is static, we obtain:

Rr
trt = −1

2
eν−λ

(
ν ′′ +

ν ′2

2
− λ′ν ′

2

)
(3.3.137)

The second necessary component Rθ
tθt is also trivially calculated:

Rθ
tθt = −Γθ

θrΓ
r
tt (3.3.138)

Rθ
tθt = −1

r

1

2
eν−λν ′ (3.3.139)

Rθ
tθt = − 1

2r
eν−λν ′ (3.3.140)

(3.3.141)

The last component Rϕ
tϕt is identical to Rθ

tθt
30:

Rϕ
tϕt = − 1

2r
eν−λν ′ (3.3.142)

30Due to the isotropy of the angular coordinates
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Finally, by combining the di�erent terms of the temporal component Rtt of the Ricci
tensor, we obtain:

Rtt = eν−λ

(
−ν ′′

2
− ν ′2

4
+

λ′ν ′

4
− ν ′

r

)
(3.3.143)

Using the same method, we can deduce the other diagonal components of the Ricci
tensor:

Rrr =
ν ′′

2
− ν ′λ′

4
+

ν ′2

4
− λ′

r
(3.3.144)

Rθθ = e−λ

(
1 +

ν ′r

2
− λ′r

2

)
− 1 (3.3.145)

Rϕϕ = Rθθ sin
2 θ (3.3.146)

To determine the Ricci scalar31, we must �rst express the components of the Ricci
tensor using mixed indices. For this, we raise an index using the inverse metric according
to the following relation:

Rµ
ν =

3∑
ρ=0

gµρRρν (3.3.147)

Thus, we obtain :

Rt
t = gttRtt = −e−λ

(
ν ′′

2
+

ν ′2

4
− λ′ν ′

4
+

ν ′

r

)
(3.3.148)

Rr
r = grrRrr = −e−λ

(
ν ′′

2
− ν ′λ′

4
+

ν ′2

4
− λ′

r

)
(3.3.149)

Rθ
θ = gθθRθθ = −e−λ

(
1

r2
+

ν ′

2r
− λ′

2r

)
+

1

r2
(3.3.150)

Rϕ
ϕ = Rθ

θ (3.3.151)

We can deduce the Ricci scalar:

R = Rµ
µ = Rt

t +Rr
r +Rθ

θ +Rϕ
ϕ (3.3.152)

R = 2e−λ

(
−ν ′′

2
+

λ′ν ′

4
− ν ′2

4
− ν ′

r
+

λ′

r
− 1

r2

)
+

2

r2
(3.3.153)

However, the Einstein tensor in mixed mode is given by the following relation:

Gν
µ = Rν

µ −
1

2
Rδνµ (3.3.154)

31The Ricci scalar quanti�es the total curvature of spacetime
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Thus, we can establish each of the components of the Einstein tensor:

Gt
t = Rt

t −
1

2
Rδtt = Rt

t −
1

2
R = e−λ

(
1

r2
− λ′

r

)
− 1

r2
(3.3.155)

Gr
r = Rr

r −
1

2
Rδrr = Rr

r −
1

2
R = e−λ

(
1

r2
+

ν ′

r

)
− 1

r2
(3.3.156)

Gθ
θ = Rθ

θ −
1

2
Rδθθ = Rθ

θ −
1

2
R = e−λ

(
ν ′′

2
− ν ′λ′

4
+

ν ′2

4
+

ν ′ − λ′

2r

)
(3.3.157)

Now, if we consider the Einstein �eld equation in mixed mode:

Eν
µ = χT ν

µ (3.3.158)

We can express its components within the same mathematical context:

e−λ

(
1

r2
− λ′

r

)
− 1

r2
= χT t

t

e−λ

(
1

r2
+

ν ′

r

)
− 1

r2
= χT r

r (3.3.159)

e−λ

(
ν ′′

2
− ν ′λ′

4
+

ν ′2

4
+

ν ′ − λ′

2r

)
= χT θ

θ

Then:

χT t
t − χT r

r = − (ν ′ + λ′)
e−λ

r
(3.3.160)

Let us examine the classical construction of the interior metric starting from the
expression of the energy-momentum tensor T ν

µ
(g,g) from the �rst �eld equation 3.3.98

in its classical mixed-mode form32:

T ν
µ =


ρ 0 0 0
0 − p

c2
0 0

0 0 − p
c2

0
0 0 0 − p

c2

 (3.3.161)

The equations 3.3.159 and 3.3.160 are then expressed as follows:

e−λ

(
1

r2
− λ′

r

)
− 1

r2
= χρ (3.3.162)

e−λ

(
1

r2
+

ν ′

r

)
− 1

r2
= −χ

p

c2
(3.3.163)

e−λ

(
ν ′′

2
− ν ′λ′

4
+

ν ′2

4
+

ν ′ − λ′

2r

)
= −χ

p

c2
(3.3.164)

−ν ′ + λ′

r
e−λ = χ

(
ρ+

p

c2

)
(3.3.165)

32(13.1) page 425 de [1]
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From which we can deduce:

e−λ

(
1

r2
− λ′

r

)
− 1

r2
= e−λ

[
ν ′′

2
− ν ′λ′

4
+

ν ′2

4
+

ν ′ − λ′

2r

]
(3.3.166)

eλ
1

r2
=

1

r2
− ν ′2

4
+

ν ′λ′

4
+

ν ′ + λ′

2r
− ν ′′

2
(3.3.167)

To solve these di�erential equations, we can proceed in a manner similar to expres-
sion (14.15) from reference [1] in chapter 14 by setting:

e−λ = 1− 2m(r)

r
=⇒ 2m(r) = r

(
1− e−λ

)
(3.3.168)

With :

m =
GM

c2
(3.3.169)

Considering 3.3.162, if we derive this expression, we obtain:

2m′ =
(
1− e−λ

)
+ rλ′e−λ (3.3.170)

−2m′

r2
=

−1 + e−λ − rλ′e−λ

r2
= − 1

r2
+ e−λ

(
1

r2
− λ′

r

)
(3.3.171)

m′ = −r2χρ

2
=

4πr2G

c2
ρ (3.3.172)

Similarly to equation (14.18) from [1], we can deduce:

m(r) =
Gρ

c2

∫ r

0

4πr2dr =
4

3
πr3ρ

G

c2
(3.3.173)

Thus, expression 3.3.163 coupled with expression 3.3.168 allows us to obtain:

ν ′ =
r

r(r − 2m)

(
−χ

pr2

c2
+ 1

)
− (r − 2m)

r(r − 2m)
(3.3.174)

Then :

ν ′ = 2
m+ 4πGpr3

c4

r(r − 2m)
(3.3.175)

However, by deriving expression 3.3.163, we obtain:

−χ
p′

c2
=

2

r3
− λ′e−λ

(
1

r2
+

ν ′

r

)
+ e−λ

(
−2

r3
+

ν ′′

r
− ν ′

r2

)
(3.3.176)

From which by simpli�cation:

−χ
p′

c2
=

2

r3
− e−λ

(
λ′

r2
+

λ′ν ′

r
+

2

r3
− ν ′′

r
+

ν ′

r2

)
(3.3.177)

−χ
p′

c2
=

2

r3
− 2

e−λ

r

(
λ′

2r
+

λ′ν ′

2
+

1

r2
− ν ′′

2
+

ν ′

2r

)
(3.3.178)

−χ
p′

c2
=

2

r3
− 2

e−λ

r

(
1

r2
− ν ′2

4
+

λ′ν ′

4
+

λ′ + ν ′

2r
− ν ′′

2
+

ν ′2

4
+

λ′ν ′

4

)
(3.3.179)
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By combining this result with expression 3.3.167, we can deduce:

−χ
p′

c2
= −e−λ ν

′

2r
(ν ′ + λ′) (3.3.180)

Hence, the following expression by coupling with relation 3.3.165:

−χ
p′

c2
= −e−λ

r
(ν ′ + λ′)

ν ′

2
= χ

(
ρ+

p

c2

) ν ′

2
=⇒ p′

c2
= −ν ′

2

(
ρ+

p

c2

)
(3.3.181)

Considering expression 3.3.175, we then arrive at the classical Tolman�Oppenheimer�
Volko� (TOV) equation ([45], (14.25c) from [1]):

p′(g)

c(g)
2 = −

m(g) + 4πGp(g)r3

c(g)
4

r(r − 2m(g))

(
ρ(g) +

p(g)

c(g)
2

)
(3.3.182)

We can conclude this calculation by obtaining the explicit form of the interior met-
ric, still within this quasi-Newtonian framework.

Indeed, taking into account relation (14.28) from [1] for r ≤ Rs
33, and the obtained

mass 3.3.173, we can already establish one of the terms of the metric from 3.3.168:

e−λ = 1− 2m(r)

r
= 1− 8

3
πr2ρ

G

c2
=⇒ e−λ = 1− r2

r̂2
(3.3.183)

The interior metric 3.3.115 can then be written as follows:

ds2 = eν(r)dx02 − dr2

1− r2

r̂2

− r2dϕ2 − r2 sin2 θdϕ2 (3.3.184)

Let us now determine the function ν(r) knowing that the density of the star is
assumed to be constant. We then obtain from 3.3.181:

ν ′ = − 2p′

ρc2 + p
⇒ ν ′ = −2(ρc2 + p)′

ρc2 + p
= −2 ln(ρc2 + p)′ (3.3.185)

Then :

−ν

2
= ln(ρc2 + p) +C1 =⇒ 34 De−

ν
2 =

8πG

c2

(
ρ+

p

c2

)
= −χ

(
ρ+

p

c2

)
(3.3.186)

33corresponding to 6.1.2 which we will demonstrate in section 8
34By applying the exponential to each side of the equation, we introduce a new integration constant

D = eC1 that must be consistent with the structure of Einstein's �eld equations for a perfect �uid.
In these equations, the energy-momentum tensor Tµν is proportional to the Einstein tensor Gµν via
Einstein's gravitational constant 8πG

c4 , linking spacetime curvature to matter distribution. Thus, the

equation De−
ν
2 = ρc2 + p can be rewritten as follows: De−

ν
2 = 8πG

c2

(
ρ+ p

c2

)
, where D is determined

by the speci�c boundary conditions for a constant matter density ρ.
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Considering 3.3.165, we can solve this equation as follows:

−ν ′ + λ′

r
e−λ = χ

(
ρ+

p

c2

)
= −De−

ν
2 =⇒ rDe−

ν
2 = ν ′e−λ+λ′e−λ = ν ′e−λ− d

dr
(e−λ)

(3.3.187)
Thus, from 3.3.183, we obtain:

rDe−
ν
2 = ν ′

(
1− r2

r̂2

)
− d

dr

(
1− r2

r̂2

)
= ν ′

(
1− r2

r̂2

)
+

2r

r̂2
(3.3.188)

By setting:

e
ν
2 = γ(r) =⇒ γ′ =

ν ′

2
e

ν
2 (3.3.189)

Hence, 3.3.188 allows us to obtain:

rD = ν ′e
ν
2

(
1− r2

r̂2

)
+

2r

r̂2
e

ν
2 = 2γ′

(
1− r2

r̂2

)
+

2r

r̂2
γ (3.3.190)

The resolution of �rst-order linear di�erential equations relies on the superposition
of solutions. The general solution is the sum of a particular solution to the nonhomo-
geneous equation and the general solution of the homogeneous equation. This method
exploits the linearity of di�erential operators to construct a comprehensive solution that
encompasses all possible behaviors of the equation35.

Thus, a particular solution to this equation is γp = r̂2D
2
.36

And the general solution of the homogeneous equation is given by37:

u′
(
1− r2

r̂2

)
+

r

r̂2
u = 0 ⇒ u = −B

(
1− r2

r̂2

)1/2

(3.3.191)

Proof. Let's integrate both sides of the equation.

The integration of the left-hand side involves u and its derivative u′, while the
integration of the right-hand side is with respect to r.∫

u′

u
du = −

∫
r

r̂2 − r2
dr (3.3.192)

This yields:

lnu =
1

2
ln(r̂2 − r2) + C (3.3.193)

35The resolution of �rst-order linear di�erential equations often involves using the superposition
of solutions. This method is based on the fact that di�erential operators are linear, meaning if two
functions f1(x) and f2(x) are solutions to a linear di�erential equation, then any linear combination
of these functions af1(x) + bf2(x) is also a solution.

36Indeed, this solution applied to the right-hand side of equation 3.3.190 yields the left-hand side.
37By setting u = 2γ

112



CHAPTER 3. JANUS COSMOLOGICAL MODEL

From which we get:

u = −B

(
1− r2

r̂2

)1/2
38 (3.3.194)

Hence, the general solution is given by:

γ = e
ν
2 =

r̂2D

2
−B

(
1− r2

r̂2

) 1
2

(3.3.195)

This allows us to obtain the temporal component of the metric tensor:

g00 = eν =

[
A−B

(
1− r2

r̂2

) 1
2

]2
(3.3.196)

By identi�cation and considering 6.1.2, we obtain:

r̂2D

2
= A ⇒ D = 2

A

r̂2
=

2ρ

3

8πG

c2
A = −χ

2ρ

3
A (3.3.197)

Thus, by coupling 3.3.187 and 3.3.195, we obtain:

De−
ν
2 = −χ

(
ρ+

p

c2

)
= −χ

2ρ

3
A

[
r̂2D

2
−B

(
1− r2

r̂2

)1/2
]−1

(3.3.198)

Which enables us to deduce:

ρ+
p

c2
=

2ρ

3

A[
A−B

(
1− r2

r̂2

)1/2] (3.3.199)

However, if we consider that the pressure vanishes at the surface of the sphere at
r = Rs

39, we can deduce the following relation:

A = 3B

(
1− R2

s

r̂2

)1/2

(3.3.200)

To determine B, we must match the interior and exterior metrics at the sphere's
surface40, which can be expressed as follows by considering 3.3.196:

gint00 (Rs) = eν(Rs) =

[
A−B

(
1− R2

s

r̂2

)1/2
]2

= gext00 (Rs) =

(
1− 2GM

Rsc2

)
(3.3.201)

38B is an integration constant determined in such a way that the solution applied to the left-hand
side of the di�erential equation 3.3.191 cancels it out.

39As we will see later 8.2.9
40For r = Rs, as seen in section 2.3.8
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Thus, considering 3.3.200, we can deduce41:

B2

[
3

(
1− R2

s

r̂2

)1/2

−
(
1− R2

s

r̂2

)1/2
]2

=

(
1− R2

s

r̂2

)
=⇒ B =

1

2
(3.3.202)

From which we can obtain:

A =
3

2

(
1− R2

s

r̂2

)1/2

(3.3.203)

Then:

gint00 (r) =

[
3

2

(
1− R2

s

r̂2

)1/2

− 1

2

(
1− r2

r̂2

)1/2
]2

(3.3.204)

Hence, the Schwarzschild interior metric:

ds(g)
2
=

[
3

2

√(
1− R2

s

r̂2

)
− 1

2

√(
1− r2

r̂2

)]2
dx02 − dr2

1− r2

r̂2

− r2
(
dθ2 + sin2 θdϕ2

)
(3.3.205)

This metric connects with the Schwarzschild exterior metric :

ds(g)
2
=

(
1− 2GM

c2r

)
c2dx02 − dr2

1− 2GM
c2r

− r2
(
dθ2 + sin2 θdϕ2

)
(3.3.206)

Solution to the Second Field Equation 3.3.99

Let's consider the impact of the presence of positive masses on the spacetime geometry
structured by hµν from the second �eld equation 3.3.99 associated with the population
of negative masses. It is worth mentioning that we are entirely free to choose the inter-
action tensor T ν

µ
(g,h), as this choice can stem from a Lagrangian derivation.

Thus, we have chosen the expression 3.3.108, which we can classically de�ne as
follows42:

T ν
µ =


ρ 0 0 0
0 p

c2
0 0

0 0 p
c2

0
0 0 0 p

c2

 (3.3.207)

We can construct the left-hand side from the metric 3.3.116, which are the same
as for the previous case of positive masses. On the right-hand side of the second �eld
equation 3.3.99, the ratio of determinants will be considered almost unity insofar as we

41Considering 3.3.173, 3.3.169 et 6.1.2.
42To simplify the notation, the exponent (h) will not be taken into account throughout the demon-

stration. Instead, by convention, we will replace λ with λ̄, ν with ν̄, and m with m̄.
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perform this calculation within the Newtonian approximation.

Thus, we obtain: √
|g|
|h|

=

√
eνeλr4 sin2 θ

eν̄eλ̄r4 sin2 θ
≈ 1 (3.3.208)

e−λ̄

(
1

r2
− λ̄′

r

)
− 1

r2
= −χρ (3.3.209)

e−λ̄

(
1

r2
+

ν̄ ′

r

)
− 1

r2
= −χ

p

c2
(3.3.210)

e−λ̄

(
ν̄ ′′

2
− ν̄ ′λ̄′

4
+

ν̄ ′2

4
+

ν̄ ′ − λ̄′

2r

)
= −χ

p

c2
(3.3.211)

− ν̄ ′ + λ̄′

r
e−λ̄ = −χ

(
ρ− p

c2

)
(3.3.212)

Hence:

eλ̄
1

r2
=

1

r2
− ν̄ ′2

4
+

ν̄ ′λ̄′

4
+

ν̄ ′ + λ̄′

2r
− ν̄ ′′

2
(3.3.213)

To solve these di�erential equations, we can proceed in a manner similar to the
previous case by setting:

e−λ̄ = 1− 2m̄(r)

r
=⇒ 2m̄(r) = r

(
1− e−λ̄

)
(3.3.214)

From which:

−2m̄′

r2
= − 1

r2
+ e−λ̄

(
1

r2
− λ̄′

r

)
(3.3.215)

(3.3.216)

Based on 3.3.209, we obtain:

m̄′ = −4πr2G

c2
ρ =⇒ m̄(r) = −Gρ

c2

∫ r

0

4πr2dr = −4

3
πr3ρ

G

c2
= −m(r) (3.3.217)

Therefore, we can deduce:

ν̄ ′ = 2
−m+ 4πGpr3

c4

r(r + 2m)
(3.3.218)

By deriving expression 3.3.210, we obtain:

−χ
p′

c2
=

2

r3
− λ̄′e−λ̄

(
1

r2
+

ν̄ ′

r

)
+ e−λ̄

(
−2

r3
+

ν̄ ′′

r
− ν̄ ′

r2

)
(3.3.219)
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From which by simpli�cation:

−χ
p′

c2
=

2

r3
− e−λ̄

(
λ̄′

r2
+

λ̄′ν̄ ′

r
+

2

r3
− ν̄ ′′

r
+

ν̄ ′

r2

)
(3.3.220)

−χ
p′

c2
=

2

r3
− 2

e−λ̄

r

(
λ̄′

2r
+

λ̄′ν̄ ′

2
+

1

r2
− ν̄ ′′

2
+

ν̄ ′

2r

)
(3.3.221)

−χ
p′

c2
=

2

r3
− 2

e−λ̄

r

(
1

r2
− ν̄ ′2

4
+

λ̄′ν̄ ′

4
+

λ̄′ + ν̄ ′

2r
− ν̄ ′′

2
+

ν̄ ′2

4
+

λ̄′ν̄ ′

4

)
(3.3.222)

By combining this result with expression 3.3.213, we can deduce:

−χ
p′

c2
= −e−λ̄ ν̄

′

2r
(ν̄ ′ + λ̄′) (3.3.223)

Hence, the following expression by coupling with relation 3.3.212:

−χ
p′

c2
= −e−λ̄

r
(ν̄ ′ + λ̄′)

ν̄ ′

2
= −χ

(
ρ− p

c2

) ν̄ ′

2
=⇒ p′

c2
=

ν̄ ′

2

(
ρ− p

c2

)
(3.3.224)

Considering expression 3.3.218, we then arrive at the Tolman�Oppenheimer�Volko�
(TOV) solution for the population of negative masses:

p′(h)

c(h)
2 = −

m(h) − 4πGp(h)r3

c(h)
4

r(r + 2m(h))

(
ρ(h) − p(h)

c(h)
2

)
(3.3.225)

The two solutions 3.3.182 and 3.3.225 tend towards the Euler equation in the New-
tonian approximation. Thus, compatibility is ensured asymptotically. This also cor-
responds to the asymptotic satisfaction of the Bianchi identities in the same context.
Indeed, repeating this calculation in this context, for a �eld created by a negative mass,
yields the same result43.

We will now establish the Schwarzschild interior metric associated with the popula-
tion of negative masses by applying the same calculation scheme as for the population
of positive masses, thus constituting the solution to the second �eld equation 3.3.99.

Indeed, taking into account relation (14.28) from [1] for r ≤ Rs and 3.3.214, we can
establish the following relation:

e−λ̄ = 1− 2m̄(r)

r
=⇒ e−λ = 1 +

r2

r̂2
(3.3.226)

43The inequality r ≫ 2m (where m is often replaced by GM
c2 to obtain a dimension of length, M

being the mass of the object and G the gravitational constant) indicates that we are su�ciently far
from the gravitational source for the e�ects of general relativity to be negligible. Indeed, at great
distances (r), the term 2GM

c2 becomes very small.
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The interior metric 3.3.116 can then be written as follows:

ds2 = eν̄(r)dx02 − dr2

1 + r2

r̂2

− r2dϕ2 − r2 sin2 θdϕ2 (3.3.227)

Let us now determine the function ν̄(r) knowing that the density of the star is
assumed to be constant. We then obtain from 3.3.224:

ν̄ ′ = − 2p′

−ρc2 + p
⇒ ν̄ ′ = −2(ρc2 − p)′

ρc2 − p
= −2 ln(ρc2 − p)′ (3.3.228)

Then:

− ν̄

2
= ln(ρc2 − p) + C2 =⇒ D̄e−

ν̄
2 = −χ

(
ρ− p

c2

)
(3.3.229)

Considering 3.3.212, we can solve this equation as follows:

− ν̄ ′ + λ̄′

r
e−λ̄ = −χ

(
ρ− p

c2

)
= D̄e−

ν̄
2 =⇒ −rD̄e−

ν̄
2 = ν̄ ′e−λ̄ − d

dr
(e−λ̄) (3.3.230)

Thus, from 3.3.226, we obtain:

−rD̄e−
ν̄
2 = ν̄ ′

(
1 +

r2

r̂2

)
− d

dr

(
1 +

r2

r̂2

)
= ν̄ ′

(
1 +

r2

r̂2

)
− 2r

r̂2
(3.3.231)

By setting:

e
ν̄
2 = γ̄(r) =⇒ γ̄′ =

ν̄ ′

2
e

ν̄
2 (3.3.232)

Hence, 3.3.231 allows us to obtain:

−rD̄ = ν ′e
ν̄
2

(
1 +

r2

r̂2

)
− 2r

r̂2
e

ν̄
2 = 2γ̄′

(
1 +

r2

r̂2

)
− 2r

r̂2
γ̄ (3.3.233)

A particular solution of this equation is γ̄p = r̂2D̄
2
.

And the general solution of the homogeneous equation is given by44:

u′
(
1 +

r2

r̂2

)
− r

r̂2
u = 0 ⇒ u = B̄

(
1 +

r2

r̂2

)1/2

(3.3.234)

Hence, the general solution:

γ̄ = e
ν̄
2 =

r̂2D̄

2
+ B̄

(
1 +

r2

r̂2

) 1
2

(3.3.235)

44By setting u = 2γ̄
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This allows us to obtain the temporal component of the metric tensor:

ḡ00 = eν̄ =

[
Ā+ B̄

(
1 +

r2

r̂2

) 1
2

]2
(3.3.236)

By identi�cation and considering 6.1.2, we obtain:

r̂2D̄

2
= Ā ⇒ D̄ = 2

Ā

r̂2
=

2ρ

3

8πG

c2
Ā = −χ

2ρ

3
Ā (3.3.237)

Thus, by coupling 3.3.230 and 3.3.235, we obtain:

D̄e−
ν
2 = −χ

(
ρ− p

c2

)
= −χ

2ρ

3
Ā

[
r̂2D̄

2
+ B̄

(
1 +

r2

r̂2

)1/2
]−1

(3.3.238)

This enables us to deduce:

ρ− p

c2
=

2ρ

3

Ā[
Ā+ B̄

(
1 + r2

r̂2

)1/2] (3.3.239)

However, if we consider that the pressure vanishes at the surface of the sphere at
r = Rs, we can deduce the following relation:

Ā = −3B̄

(
1 +

R2
s

r̂2

)1/2

(3.3.240)

To determine B̄, a matching of the interior and exterior metrics at the sphere's
surface is required, which can be expressed as follows by considering 3.3.236:

ḡint00 (Rs) = eν̄(Rs) =

[
Ā+ B̄

(
1 +

R2
s

r̂2

)1/2
]2

= ḡext00 (Rs) =

(
1 +

2GM

Rsc2

)
(3.3.241)

Thus, taking into account expression 3.3.240, we can deduce:[
−3B̄

(
1 +

R2
s

r̂2

)1/2

+ B̄

(
1 +

R2
s

r̂2

)1/2
]2

=

(
1 +

R2
s

r̂2

)
=⇒ B =

1

2
(3.3.242)

From which we can obtain:

Ā = −3

2

(
1 +

R2
s

r̂2

)1/2

(3.3.243)

Then:

ḡint00 (r) =

[
−3

2

(
1 +

R2
s

r̂2

)1/2

+
1

2

(
1 +

r2

r̂2

)1/2
]2

(3.3.244)
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Hence, the Schwarzschild interior metric:

ds(h)
2
=

[
3

2

√(
1 +

R2
S

r̂2

)
− 1

2

√(
1 +

r2

r̂2

)]2
dx02 − dr2

1 + r2

r̂2

− r2
(
dθ2 + sin2 θdϕ2

)
(3.3.245)

This metric must join the Schwarzschild exterior metric:

ds(h)
2
=

(
1 +

2GM

c2r

)
c2dx02 − dr2

1 + 2GM
c2r

− r2
(
dθ2 + sin2 θdϕ2

)
(3.3.246)
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Thus, the general form is given by:

ds(f)
2
=

[
3

2

√(
1− ε

R2
S

r̂2

)
− 1

2

√(
1− ε

r2

r̂2

)]2
dx02 − dr2

1− ε r2

r̂2

− r2
(
dθ2 + sin2 θdϕ2

)
(3.3.247)

With ε = 1 if the mass creating the �eld is positive, and ε = −1 if it is negative.

The paradigm of General Relativity (GR) can be summarized as follows:

The universe is a manifold M4, equipped with a metric, solution to Einstein's
�eld equation 2.3.1.

The Janus model is an extension of GR:

The universe is a manifold M4, equipped with two metrics, solutions of the
coupled �eld equations system 3.3.54 and 3.3.55.

Under these conditions, GR represents an approximation of this model, in regions
where negative mass can be neglected, for example in the vicinity of the Sun. This is ob-
viously an extremely ambitious proposition, which requires observational con�rmations
to be credible.
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Modeling Galactic Dynamics

It has been possible to construct a model of a galaxy with spherical symmetry sur-
rounded by a halo of negative masses. This has a con�ning e�ect that explains a
number of phenomena generally attributed to dark matter in the context of the Stan-
dard Model, notably its deceleration resulting from its interaction through dynamic
friction with its negative mass environment, as well as its spiral structure. This model
also explains why stars in the outer regions of galaxies move at higher speeds than
those predicted by the gravity of visible matter alone. Without negative masses, the
laws of Newtonian gravity would suggest that these stars should move more slowly,
being further from the galaxy's massive center. However, observations show that these
stars have relatively high speeds, suggesting the additional anti-gravitational in�uence
of an invisible mass, namely negative mass matter.

Elliptical galaxies constitute a signi�cant proportion of the mass of the visible Uni-
verse. They are primarily composed of old stars, characterized by a high velocity
dispersion and distributed in the disk1 as well as in the galactic halo, and contain very
little gas2. In contrast, spiral galaxies contain about 10% of their mass in the form of
interstellar gas. This gas is primarily concentrated around the diametral plane, forming
a very �attened disk. Its distribution is not uniform, but shows condensations, the most
signi�cant of which contribute to the galaxy's spiral structure. In these galaxies, young
stars, with low velocity dispersion and concentrated near the plane of symmetry, are
primarily found in the spiral arms.

Globular clusters, on the other hand, are systems with spherical symmetry, virtually
devoid of gas.

1The disk refers to a �at and extended structure, distinct from the denser central regions of galaxies,
called bulges, and from the external galactic halos, which contain older stars and less gas.

2Elliptical galaxies are distinguished by their spheroidal or elliptical shape without distinct spiral
arms. They generally have a homogeneous distribution of old stars and little ongoing star formation,
due to the scarcity of gas necessary for the birth of new stars. These galaxies are often found in densely
populated environments like the centers of galaxy clusters.
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Therefore, to study the dynamics of stellar systems, such as galaxies or globular
clusters, it is reasonable as a �rst approximation to neglect the presence of gas and focus
solely on the population of old stars, with high velocity dispersion. It is noteworthy
that on the scale of a galactic rotation, these systems are virtually collisionless and can
be described by the Vlasov equation.

4.1 The Vlasov Equation and Its Components

Self-gravitating stellar systems had already been modeled in 1942 by S. Chandrasekhar
[14] using a Maxwell-Boltzmann type solution of the Vlasov equation, coupled with the
Poisson equation. The stars in galaxies form non-collisional ensembles3.

Indeed, the Vlasov equation is a fundamental equation in plasma physics and stellar
dynamics that describes the temporal evolution of the distribution function f(r⃗, v⃗, t) in
phase space for a system of particles under the in�uence of a conservative force �eld.
This equation helps scientists understand how groups of particles, like stars in a galaxy
or particles in a plasma, move and behave over time.

The distribution function mentioned in this equation represents the distribution of
particles in a space that accounts for both their position and velocity. This phase space
is a conceptual tool that allows for visualizing and calculating the behavior of a large
number of particles simultaneously.

The Vlasov equation is given by:

∂f

∂t
+ v⃗ · ∇r⃗f −∇r⃗Ψ · ∇v⃗f = 0 (4.1.1)

where:

� f(r⃗, v⃗, t) is the distribution function representing the number density of particles
in phase space at a position r⃗, with a velocity v⃗, at time t.

�
∂f
∂t

is the partial derivative of the distribution function with respect to time, rep-
resenting the change in the distribution function over time.

3When the distribution function evolves collisionlessly according to the Vlasov equation, it means
that it describes the motion of particles considering that they do not directly collide with each other.
This is a useful approximation for studying systems like galaxies, where stars are so far apart from one
another that they interact primarily through gravity and not through direct collisions.
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� v⃗ ·∇r⃗f represents the convective derivative4 in position space, which describes how
the distribution function changes due to the motion of particles through space at
velocity v⃗.

� Ψ(r⃗, t) is the scalar potential �eld, which depends on position and time, and its
negative gradient −∇r⃗Ψ gives the force per unit mass acting on the particles.

� −∇r⃗Ψ ·∇v⃗f is the force term, representing how the distribution function changes
due to forces acting on the particles, altering their velocities.

The equation asserts that the distribution function is constant along the particle
trajectories in the absence of collisions, which is known as Liouville's theorem. This
property is crucial for the conservation of phase space density and underlies the colli-
sionless dynamics described by the Vlasov equation.

NB:

� In a physical context, the term−∇r⃗Ψ represents the force acting on a particle. For
a scalar potential Ψ(r⃗, t), the negative gradient with respect to position, written as
−∇r⃗Ψ, gives us the force vector F⃗ . This relationship is a cornerstone of classical
mechanics and is described by the equation:

F⃗ = −∇r⃗Ψ (4.1.2)

where:

� F⃗ is the force vector experienced by a particle,

� ∇r⃗ denotes the gradient with respect to position,

� Ψ(r⃗, t) is the scalar potential �eld that depends on the position r⃗ and time
t.

The negative sign indicates that the force acts in the direction of decreasing po-
tential energy, aligning with the physical principle that particles tend to move
from regions of high potential energy to regions of low potential energy.

4The convective derivative describes how a quantity (like density, velocity, temperature, etc.)
changes following the general movement of a �uid system. It takes into account both the variation of
the quantity over time and the variation due to the movement of the �uid.
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� The Maxwell-Boltzmann Distribution, named after James Clerk Maxwell
and Ludwig Boltzmann, is a fundamental statistical law in physics that plays a
crucial role in describing the distribution of particle velocities in a gas at a speci�c
temperature. When a gas is heated, energy is imparted to its particles, causing
them to move at di�erent velocities. This distribution mathematically character-
izes how these velocities are distributed among the particles in an equilibrium gas,
meaning that the overall velocity distribution remains constant over time, even
though individual particles may exchange energy during collisions.

To illustrate this concept, imagine a room �lled with bouncing balls, each rep-
resenting a particle in the gas. These balls collide with each other, sometimes
changing speeds. Some may slow down, while others speed up. Over time, you
would observe that some balls move slowly, most at moderate speeds, and a few
move very quickly. The Maxwell velocity distribution is a mathematical model
that predicts the proportion of particles moving at each speed in the gas.

The distribution is expressed by the probability density function f(v), where v is
the velocity of a particle, m is the mass of a particle, k is the Boltzmann constant,
T is the temperature of the gas, and e is the base of the natural logarithm. The
formula for f(v) is given by:

f(v) =
( m

2πkT

) 3
2
4πv2e−

mv2

2kT (4.1.3)

Understanding the Maxwell-Boltzmann distribution is essential not only for grasp-
ing the behavior of gases but also forms the basis of the kinetic theory of gases,
which helps scientists predict the properties of gases such as di�usion, viscosity,
and thermal conductivity.

4.2 The Vlasov-Poisson System

The Vlasov-Poisson system describes the evolution of a self-gravitating system in the
absence of collisions. As we have mentioned, the Vlasov equation governs the evolution
of the distribution function f(r⃗, v⃗, t) in phase space, and the Poisson equation relates
the gravitational potential Ψ to the mass density ρ:

∆Ψ = 4πGρ (4.2.1)

where ρ is related to the distribution function by ρ(r⃗, t) =
∫
f(r⃗, v⃗, t) d3v⃗, which is

the mass density obtained by integrating the distribution function over all velocities.
This system of equations is fundamental in the study of the dynamics of stellar systems
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and galaxies.

NB: The connection between the Poisson equation and the Vlasov equation is made
through the gravitational potential Ψ. In a system composed of many particles, such
as stars in a galaxy or molecules in a gas, the Vlasov equation governs the evolution
of the particle distribution function in phase space, and the Poisson equation relates
the collective e�ect of these particles' mass distribution to the potential �eld in which
they move. When the Vlasov equation is used to describe a self-gravitating system of
particles, like the stars in a galaxy, it is often coupled with the Poisson equation. The
gravitational potential that appears in the Vlasov equation is the same potential that
satis�es the Poisson equation. In this coupled system, the Poisson equation provides
the �eld equation that determines the gravitational potential Ψ resulting from the mass
distribution ρ, and the Vlasov equation uses this potential to determine how the dis-
tribution function evolves over time.

In the context of astrophysics, when describing the motion of particles in a system,
it is common to distinguish between the average velocity of the particles and their
individual or residual velocities. The average velocity, denoted co =< c >, is the
mean velocity of all the particles in the system. The residual velocity C, also known
as peculiar velocity (relative or proper velocity) of a particle, is then de�ned as its
individual velocity (or absolute velocity) c minus this average velocity5:

C = c− co (4.2.2)

This residual velocity represents the deviation of a particle's velocity from the aver-
age �ow and can be associated with the concept of thermal velocity in �uid mechanics,
which is the random motion of particles in a �uid. Indeed, in a system like a galaxy
or a �uid, the particles (such as stars or molecules) move around. The average velocity
is the mean velocity of all these particles. However, each particle has its own velocity,
which might be di�erent from this average. The residual velocity of a particle is the
di�erence between its individual velocity and the average velocity of the system. It's
like measuring how much faster or slower a particle's motion is compared to the average
movement in the system.

Furthermore, an operator D is de�ned that combines the time derivative with con-
vection by the mean �ow (Page 48 - Section 3.12 of [16]) :

D

Dt
=

∂

∂t
+ co · ∇r (4.2.3)

where ∂
∂t
is the temporal partial derivative, and co · ∇r denotes the advection operator

acting on a scalar or vector �eld with respect to the mean velocity (Page 9 - Section

5We will now use a bold letter to de�ne a vector and a regular letter to denote a scalar. Additionally,
we will use c instead of v to de�ne the velocity according to [16]
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1.33 of [16]).

This operator D is used to describe the change of a quantity both in terms of time
and as it is transported by the mean �ow. Indeed, this operator is a way of accounting
for two things at once: how particles change over time (that's the ∂

∂t
part) and how they

move with the �ow or the average movement of the system (that's the co · ∇r part). co
is the average velocity, and ∇r is a mathematical operator that measures how particles
change from one place to another. By combining these two, the operator D helps us
understand how a quantity (like density or pressure) changes not only over time but
also as it moves with the general �ow of the system.

It is particularly useful in the study of �uid dynamics and plasma physics, where it
can simplify the equations governing the system's behavior by focusing on �uctuations
rather than the overall movement.

We can then consider two Vlasov equations, written in terms of residual velocities,
coupled by the Poisson equation. These equations are written:

Df

Dt
+C · ∇rf −

(
∇rΨ+

Dco
Dt

)
· ∇Cf −∇Cf ·C : ∇rco = 0 (4.2.4)

Df

Dt
+C · ∇rf −

(
∇rΨ+

Dco
Dt

)
· ∇Cf −∇Cf ·C : ∇rco = 0 (4.2.5)

where, I remind you, D is the convective derivative with respect to the mean �ow,
co is the average velocity, C is the residual velocity or the proper thermal agitation
velocity of a particle, f is the distribution function, and Ψ is the gravitational potential.

The terms ∇Cf ·C and ∇rco are called dyadic products6, which are tensor opera-
tions resulting in matrices (in this context, called dyadic matrices according to [16] and
[74]). The term ∇Cf ·C : ∇rco represents the scalar product of two dyads de�ned ([16]
page 16 eq. 1.31.4 and [74] section 3.3) by the notation A : B = Aj

iB
j
i .

NB: A : B represents the scalar (dot) product of two matrices or dyads, where each
element of the �rst matrix A is multiplied by the corresponding element of the second
matrix B, and the products are summed:

A : B =
3∑

i=1

3∑
j=1

AijBij (4.2.6)

6These are complex mathematical operations that transform velocities and other quantities into
matrices (a type of mathematical table). These matrices are used to describe the relationships between
di�erent velocities and to understand how they change together.
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Now, we know from 4.2.3 that:

Df

Dt
=

∂f

∂t
+ co

∂f

∂r
= ∇tf + co · ∇rf (4.2.7)

Then,

D ln(f)

Dt
=

1

f

Df

Dt
=

∂ ln(f)

∂t
+ co

∂ ln(f)

∂r
= ∇t ln(f) + co · ∇r ln(f) (4.2.8)

Thus, the equations 4.2.4 and 4.2.5 become:

∇t ln(f)+co ·∇r ln(f)+C·∇r ln(f)−
(
∇rΨ+

Dco
Dt

)
·∇C ln(f)−∇C ln(f)·C : ∇rco = 0

(4.2.9)

∇tln(f)+co ·∇rln(f)+C ·∇rln(f)−
(
∇rΨ+

Dco
Dt

)
·∇Cln(f)−∇Cln(f) ·C : ∇rco = 0

(4.2.10)
To search for solutions to these equations, the principle is as follows:

1. We start by taking a distribution f as a function of velocities and time.

2. Then, we substitute it into the Vlasov equation.

3. We group the terms according to the monomials of velocity components, which
generates as many individual equations.

4.3 Modeling a Galaxy with an Ellipsoidal Velocity

Distribution

The velocity distribution in a stellar system can often be described by a Maxwell-
Boltzmann distribution function. The natural logarithm of this distribution function f
is expressed in terms of the residual velocity components Cx, Cy, Cz, which in the case
of the Maxwell-Boltzmann distribution leads to a spherical polynomial.

If the distribution is not isotropic7, which is often the case, for example, in the
solar system around the Sun, the velocity distribution can take an ellipsoidal shape, as
shown in Figure 4.1. Indeed, the velocity ellipsoid represents a velocity space where the
distribution is more ellipsoidal than spherical, indicating an anisotropic distribution8.

7The term isotropic refers to a property being identical in all directions. An isotropic velocity
distribution would mean that the velocities of objects in space are evenly distributed in all directions.

8The velocities of stars or particles within a galaxy are not distributed uniformly in all directions
(isotropic), but rather anisotropically, with direction preferences that can be described by an ellipsoid
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The distribution of stellar residual velocities around the Sun is not isotropic but
corresponds to a velocity ellipsoid where one of the axes is roughly double the other
two. Figure 4.1 represents the velocity ellipsoid of a galaxy rotating around the axis−→
OZ9. A model of a galaxy (or globular cluster) has been constructed corresponding to
this �gure.

Figure 4.1: Velocity ellipsoid with cylindrical symmetry.

An ellipsoidal distribution is chosen where the velocities form an ellipsoid de�ned
by a logarithmic function of the quadratic velocity distribution:

ln(f) = ln(B) + arC
2
r + apC

2
p + aqC

2
q (4.3.1)

These velocity terms are quadratic because they are proportional to the square of
the velocity components in each respective direction:

9In a spherical galaxy, the distribution of positions exhibits spherical symmetry. However, if the

galaxy rotates around the axis
−→
OZ, like a spiral galaxy, then the velocity distribution can no longer

be spherically symmetrical. In reality, the average agitation speed of the matter composing the galaxy
becomes perpendicular to the rotation axis. A cylindrical symmetry distribution is then more appro-
priate to represent this scenario. We seek a velocity distribution where the average speed is primarily
tangential to the galaxy's plane of rotation (with a possible radial component). To achieve this, we
decompose the agitation speed by introducing radial and tangential components, with three unknowns
(H, a, and α) that we aim to determine using the Vlasov equation.
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� Cr is the unit vector in the direction of r, and ar is the velocity component C
along this axis.

� Cp is the unit vector in the direction perpendicular to both r and Z, and ap is
the velocity component C along this axis.

� Cq is the unit vector in the direction perpendicular to the two previous directions,
thus forming a trihedron. aq is the velocity component C along this axis.

Within the framework of an ellipsoidal velocity distribution, 4.3.1 can also be written
in the following form:

ln(f) = ln(B)− m

2kH
C2 + a(C · r)2 + α[C · (k× r)]2 (4.3.2)

where :

� k is the unit vector along
−→
OZ around which the galaxy rotates10

� R is the unit vector along the radial axis collinear to r given by the following
relation: R = r

∥r∥

� P is the unit vector in the direction perpendicular to r and Z given by the following
relation: P = k×R

∥k×R∥
11

� Q is the unit vector perpendicular to the two previous vectors given by the fol-
lowing relation: Q = P×R

∥P×R∥

� B, H, a, and α depend a priori on time and space.

However, we can make the following assumptions:

1. We will consider a steady-state regime, which means there is no implicit depen-
dence on time.

2. We will consider a solution exhibiting symmetry around the axis
−→
OZ, character-

ized by rotation around this axis with an average tangential speed.

10Unit vector k =

00
1

 along the Z axis in the frame (X,Y,Z).

11The cross product generates a vector orthogonal to two given vectors. Then, the normalization of
this resultant vector is performed by dividing it by its own norm.
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This translates into the following simpli�cations:

∂ ln(f)

∂t
= 0 (4.3.3)

Dco
Dt

=
∂co
∂t

+ co ·
∂co
∂r

= co ·
∂co
∂r

(4.3.4)

co ·
∂ ln(f)

∂r
= 0 (4.3.5)

The Vlasov equations 4.2.9 and 4.2.10 then reduce to the following expressions:

C · ∇r ln(f)−
(
∇rΨ+ co ·

∂co
∂r

)
· ∇C ln(f)−∇C ln(f) ·C : ∇rco = 0 (4.3.6)

C · ∇rln(f)−
(
∇rΨ+ co ·

∂co
∂r

)
· ∇Cln(f)−∇Cln(f) ·C : ∇rco = 0 (4.3.7)
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4.3.1 Attempts to Develop Solutions for the First Vlasov Equa-

tion

Let's try to establish a solution to the Vlasov equation 4.3.6. Indeed, this expression
contains three terms. The �rst given by C · ∇r ln(f) will yield solutions of velocity of
order three and one. The second

(
∇rΨ+ co · ∂co

∂r

)
· ∇C ln(f) will allow us to obtain

solutions of velocity of order one and the last ∇C ln(f) ·C : ∇rco of order two.

Third-Order Solution Solution for the Elliptical Velocity Distribution Func-
tion

The �rst term of the Vlasov equation 4.3.6 must satisfy the following relation:

C · ∇r ln(f) = 0 (4.3.8)

However, to further simplify the calculations, we can set:

co = ω(k× r) = ω

−y
x
0

 (4.3.9)

=⇒ ∂c0
∂r

= ω
∂(k× r)

∂r
(4.3.10)

Then :

C · (k× r) = −yCx + xCy (4.3.11)

[C · (k× r)](k× r) =

 y2Cx − xyCy

−xyCx + x2Cy

0

 (4.3.12)

Thus, introducing equation 4.3.2 into 4.3.8 allows us to obtain the following relation,
retaining only the terms of order three:

−m

2k
C2C · ∂

∂r

(
1

H

)
+2a(C ·r) ·C ·C+C · ∂a

∂r
(C ·r)2+C · ∂α

∂r
[C ·(k×r)]2 = 0 (4.3.13)

We can express it in terms of the components Cx, Cy, Cz of the residual velocity,
collinear to the trihedron formed by the axes (X,Y,Z), in order to take advantage of
the symmetry around the axis

−→
OZ and then group the monomials:

− m

2k

(
C2

x + C2
y + C2

z

)(
Cx

∂

∂x

(
1

H

)
+ Cy

∂

∂y

(
1

H

)
+ Cz

∂

∂z

(
1

H

))
+ 2a

(
C2

x + C2
y + C2

z

)
(xCx + yCy + zCz)

+

(
Cx

∂a

∂x
+ Cy

∂a

∂y
+ Cz

∂a

∂z

)
(xCx + yCy + zCz)

2

+

(
Cx

∂α

∂x
+ Cy

∂α

∂y
+ Cz

∂α

∂z

)
(−yCx + xCy)

2 = 0

(4.3.14)
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Thus, we obtain 45 terms which, when grouped by monomials, allow us to deduce
the following ten partial di�erential equations:

C3
x : −m

2k

∂

∂x

(
1

H

)
+ 2ax+ x2 ∂a

∂x
+ y2

∂α

∂x
= 0 (4.3.15)

C3
y : −m

2k

∂

∂y

(
1

H

)
+ 2ay + y2

∂a

∂y
+ x2∂α

∂y
= 0 (4.3.16)

C3
z : −m

2k

∂

∂z

(
1

H

)
+ 2az + z2

∂a

∂z
= 0 (4.3.17)

C2
xCy : −

m

2k

∂

∂y

(
1

H

)
+ 2ay + x2∂a

∂y
+ 2xy

∂a

∂x
+ y2

∂α

∂y
− 2xy

∂α

∂x
= 0 (4.3.18)

C2
yCx : −m

2k

∂

∂x

(
1

H

)
+ 2ax+ y2

∂a

∂x
+ 2xy

∂a

∂y
+ x2∂α

∂x
− 2xy

∂α

∂y
= 0 (4.3.19)

C2
xCz : −

m

2k

∂

∂z

(
1

H

)
+ 2az + x2∂a

∂z
+ 2xz

∂a

∂x
+ y2

∂α

∂z
= 0 (4.3.20)

C2
yCz : −

m

2k

∂

∂z

(
1

H

)
+ 2az + y2

∂a

∂z
+ 2yz

∂a

∂y
+ x2∂α

∂z
= 0 (4.3.21)

C2
zCx : −m

2k

∂

∂x

(
1

H

)
+ 2ax+ z2

∂a

∂x
+ 2xz

∂a

∂z
= 0 (4.3.22)

C2
zCy : −

m

2k

∂

∂y

(
1

H

)
+ 2ay + z2

∂a

∂y
+ 2yz

∂a

∂z
= 0 (4.3.23)

CxCyCz : 2yz
∂a

∂x
+ 2xz

∂a

∂y
+ 2xy

∂a

∂z
− 2xy

∂α

∂z
= 0 (4.3.24)

Assuming that a and α do not depend on r, we obtain:

C3
x ≡ C2

zCx ≡ C2
yCx : −m

2k

∂

∂x

(
1

H

)
+ 2ax = 0 (4.3.25)

C3
y ≡ C2

xCy ≡ C2
zCy : −

m

2k

∂

∂y

(
1

H

)
+ 2ay = 0 (4.3.26)

C3
z ≡ C2

xCz ≡ C2
yCz : −

m

2k

∂

∂z

(
1

H

)
+ 2az = 0 (4.3.27)

However, we know that the radius of the ellipsoid on its plane of rotation de�ned
according to the frame (X,Y) around the axis Z is given by12:

ρ2 = x2 + y2 =⇒


∂ρ2

∂x
= 2x

∂ρ2

∂y
= 2y

(4.3.28)

12Knowing that r2 = ρ2 + z2 where ρ2 = x2 + y2
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We then obtain in terms of ρ:

∂

∂ρ2

(
1

H

)
=

2k

m
a ⇒ 1

H
=

2k

m
aρ2 + f1(z

2) (4.3.29)

∂

∂z2

(
1

H

)
=

2k

m
a ⇒ 1

H
=

2k

m
az2 + f2(ρ

2) (4.3.30)

The function f 1 depends only on z2, therefore, if we di�erentiate (4.3.29) with
respect to z2, we obtain 4.3.30, which is:

∂

∂z2

(
2k

m
aρ2 + f1(z

2)

)
=

∂

∂z2
f1(z

2) =
∂

∂z2

(
1

H

)
=

2k

m
a (4.3.31)

Then:

f1(z
2) =

2k

m
az2 + kz (4.3.32)

Consequently:
1

H
=

2k

m
aρ2 +

2k

m
az2 + kz (4.3.33)

However, by setting r = 0 (ρ2 = 0 and z2 = 0), we have 1
H

= kz which we decide to
associate with 1

T0

13.

Thus, the coherent solution that satis�es these equations is written in the following
form:

1

H
=

1

T0

(
1 +

2kaT0

m
r2
)

(4.3.34)

Let us set:

r20 =
m

2akT0

=⇒ H =
T0

1 + r2

r20

(4.3.35)

However, we know that the component of any vector C along one of the axes of the
frame is the orthogonal projection, which is obtained by performing the dot product
of the vector C with the unit vector of the respective axis. Thus, we can express the
components of 4.3.1 in the following way:

Cr = C ·R = C · r

∥r∥
=

C · r
∥r∥

(4.3.36)

Cp = C ·P = C · k× r

∥k× r∥
=

C · (k× r)

∥k× r∥
(4.3.37)

Cq = C−Cr −Cp (4.3.38)

13T0 being a function of time
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And taking into account the fact that14:

∥k× r∥2 = (k× r) · (k× r) = (k · k)(r · r)− (k · r)(k · r) = r2 − z2 = ρ2 (4.3.39)

After introduction into 4.3.1 and grouping the terms, we obtain:

ln(f) = ln(B) +
(ar − aq)

r2
(C · r)2 + (ap − aq)

ρ2
[C · (k× r)]2 + aqC

2 (4.3.40)

Thus, by identi�cation with 4.3.2, we can deduce that:

aq = − m

2kH
(4.3.41)

a =
(ar − aq)

r2
⇒ ar = − m

2kH
+ ar2 (4.3.42)

α =
(ap − aq)

ρ2
⇒ ap = − m

2kH
+ aρ2 (4.3.43)

If we also set:
ρ20 =

m

2αkT0

(4.3.44)

Then, we obtain:

ar = − m

2kT0

(4.3.45)

ap = − m

2kT0

(
1 +

r2

r20
− ρ2

ρ20

)
(4.3.46)

aq = − m

2kT0

+

(
1 +

r2

r20

)
(4.3.47)

We can deduce the logarithmic function of the quadratic velocity distribution:

f = f0e

(
− m

2kT0

[
C

2
r+C

2
p

(
1+ r2

r20
− ρ2

ρ20

)
+C2

q

(
1+ r2

r20

)])
(4.3.48)

with:

f0 = n

(
m

2πkT0

) 3
2
(
1 +

r2

r20

) 1
2
(
1 +

r2

r20
− ρ2

ρ20

) 1
2

(4.3.49)

14Lagrange's identity is a well-known relation in mathematics that states:

∥a× b∥2 = ∥a∥2∥b∥2 − (a · b)2

where a and b are vectors.
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Second-Order Solution for Determining Angular and Circular Velocities

The last term of the Vlasov equation 4.3.6 corresponding to ∇C ln(f) ·C : ∇rco involves
the double product of

∇C ln(f) ·C : ∇rco = Tr(AB) = 0 (4.3.50)

with: {
A = ∇C ln(f) ·C
B = ∇rco

Calculating B:

Based on 4.3.9, we can deduce:

B =
∂c0
∂r

=

∂c0x
∂x

∂c0y
∂x

0
∂c0x
∂y

∂c0y
∂y

0
∂c0x
∂z

∂c0y
∂z

0

 =

 −y ∂ω
∂x

x∂ω
∂x

+ ω 0
−y ∂ω

∂y
− ω x∂ω

∂y
0

−y ∂ω
∂z

x∂ω
∂z

0

 (4.3.51)

Calculating A:

A = ∇C ln(f) ·C (4.3.52)

Based on 4.3.2, we can deduce:

A = − m

kH
C ·C+ 2a(C · r) · r ·C+ 2α[C · (k× r)] · (k× r) ·C (4.3.53)

= A1 +A2 +A3 (4.3.54)

Let's calculate each term:

A1 = − m

kH

 C2
x CxCy CxCz

CyCx C2
y CyCz

CzCx CzCy C2
z

 , (4.3.55)

A2 = 2a(xCx + yCy + zCz)

xCx xCy xCz

yCx yCy yCz

zCx zCy zCz

 , (4.3.56)

A3 = 2α

 y2Cx − xyCy

−xyCx + x2Cy

0

(Cx Cy Cz

)
(4.3.57)

= 2α

 y2CxCx − xyCyCx y2CxCy − xyCyCy y2CxCz − xyCyCz

−xyCxCx + x2CyCx −xyCxCy + x2CyCy −xyCxCz + x2CyCz

0 0 0

 .

(4.3.58)
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Let's consider the following two matrices A and B:

A =

Axx Axy Axz

Ayx Ayy Ayz

Azx Azy Azz

 and B =

Bxx Bxy Bxz

Byx Byy Byz

Bzx Bzy Bzz

 (4.3.59)

The trace of their matrix product is given by:

Tr(AB) = AxxBxx + AxyByx + AxzBzx + AyxBxy + AyyByy + AyzBzy + 0 (4.3.60)

Let's calculate each term of this trace:

Axx = − m

kH
C2

x + 2a(x2C2
x + yxCxCy + zxCxCz) + 2α(y2C2

x − xyCyCx) (4.3.61)

= C2
x

(
− m

kH
+ 2ax2 + 2αy2

)
+ CxCy2(a− α)xy + CxCz2axz (4.3.62)

Ayy = − m

kH
C2

y + 2a(xCxyCy + yCyyCy + zCzyCy) + 2α(−xyCxCy + x2CyCy)

(4.3.63)

= C2
y

(
− m

kH
+ 2ay2 + 2αx2

)
+ CxCy2(a− α)xy + CyCz2ayz (4.3.64)

Axy = − m

kH
CxCy + 2a(xCxxCy + yCyxCy + zCzxCy) + 2α(y2CxCy − xyCyCy)

(4.3.65)

= CxCy

(
− m

kH
+ 2αx2 + 2αy2

)
+ C2

y2(a− α)xy + CyCz2axz (4.3.66)

Ayx = − m

kH
CyCx + 2a(xCxyCx + yCyyCx + zCzyCx) + 2α(−xyCxCx + x2CyCx)

(4.3.67)

= C2
x2(a− α)xy + CxCy

(
− m

kH
+ 2ay2 + 2αx2

)
+ CxCz2ayz (4.3.68)

Axz = − m

kH
CxCz + 2a(xCxxCz + yCyxCz + zCzxCz) + 2α(y2CxCz − xyCyCz)

(4.3.69)

= C2
z2axz + CxCz

(
− m

kH
+ 2ax2 + 2αy2

)
+ CyCz2(a− α)xy (4.3.70)

Ayz = − m

kH
CyCz + 2a(xCxyCz + yCyyCz + zCzyCz) + 2α(−xyCxCz + x2CyCz)

(4.3.71)

= C2
z2ayz + CxCz2(a− α)xy + CyCz

(
− m

kH
+ 2ay2 + 2αx2

)
(4.3.72)

(4.3.73)

The terms in C2
x come from Axx Bxx and Ayx Bxy :(

− m

kH
+ 2ax2 + 2αy2

)(
−y

∂ω

∂x

)
+ 2(a− α)xy

(
x
∂ω

∂x
+ ω

)
= 0 (4.3.74)
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The terms in C2
y come from Axy Byx and Ayy Byy :(

− m

kH
+ 2ay2 + 2αx2

)(
x
∂ω

∂y

)
+ 2(a− α)xy

(
−y

∂ω

∂y
− ω

)
= 0 (4.3.75)

The terms in C2
z come from Axz Bzx and Ayz Bzy :

2axz

(
−y

∂ω

∂z

)
+ 2ayz

(
x
∂ω

∂z

)
= 0 (4.3.76)

The terms in CxCy come from Axy Byx, Axx Bxx, Ayx Bxy, and Ayy Byy :(
− m

kH
+ 2ax2 + 2αy2

)(
−y

∂ω

∂y
− ω

)
+ 2(a− α)xy

(
−y

∂ω

∂x

)
(4.3.77)

+
(
− m

kH
+ 2ay2 + 2αx2

)(
x
∂ω

∂x
+ ω

)
+ 2(a− α)xy

(
x
∂ω

∂y

)
= 0 (4.3.78)

The terms in CxCz come from Axz Bzx, Axx Bxx, Ayx Bxy, and Ayz Bzy :

(2axz)

(
−y

∂ω

∂x

)
+
(
− m

kH
+ 2ax2 + 2αy2

)(
−y

∂ω

∂z

)
(4.3.79)

+(2axy)

(
x
∂ω

∂x
+ ω

)
+ 2(a− α)xy

(
x
∂ω

∂z

)
= 0 (4.3.80)

The terms in CyCz come from Axy Byx, Axz Bzx, Ayy Byy, and Ayz Bzy :

(2axz)

(
−y

∂ω

∂y
− ω

)
+ 2(a− α)xy

(
−y

∂ω

∂z

)
(4.3.81)

+(2ayz)

(
x
∂ω

∂y

)
+
(
− m

kH
+ 2ay2 + 2αx2

)(
x
∂ω

∂z

)
= 0 (4.3.82)

Let's now exploit the fact that ω depends only on ρ2 and z2 to simplify the expres-
sions. Thus, according to 4.3.28, we obtain:

∂ω

∂x
=

∂ω

∂ρ2
∂ρ2

∂x
= 2x

∂ω

∂ρ2
(4.3.83)

∂ω

∂y
=

∂ω

∂ρ2
∂ρ2

∂y
= 2y

∂ω

∂ρ2
(4.3.84)

∂ω

∂z
=

∂ω

∂z2
∂z2

∂z
= 2z

∂ω

∂z2
(4.3.85)

The equation for C2
x becomes:

∂ lnω

∂ρ2
= − (a− α)(

m
kH

− 2αρ2
) (4.3.86)
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In the particular context where a and α are constants in space (independent of r),
starting from 4.3.34, we can deduce the following relation:

∂ lnω

∂ρ2
= −1

2

2(a− α)(
m
kT0

+ 2(a− α)ρ2 + 2az2
) (4.3.87)

= −1

2

∂

∂ρ2

[
ln

(
m

kT0

+ 2(a− α)ρ2 + 2az2
)]

(4.3.88)

Thus, the obtained solution is given by:

ω =
ωρ0(z

2)√
m
kT0

+ 2(a− α)ρ2 + 2az2
(4.3.89)

The solutions of the other equations are compatible15.

In the same way as before, the equation for CxCz gives us:

∂ lnω

∂z2
= − a(

m
kH

− 2αρ2
) (4.3.90)

In the same particular context where a and α are independent of r, we can deduce
the angular velocity of the galaxy:

ω =
ωz0(ρ

2)√
m
kT0

+ 2(a− α)ρ2 + 2az2
(4.3.91)

This solution being compatible with the last term in CyCz
16.

In the context of galaxy dynamics, if ω represents the angular velocity of the
galaxy17, then the circular velocity v at a radius ρ is given by:

v = ρ · ω = ρ · ω0√
m
kT0

+ 2(a− α)ρ2 + 2az2
(4.3.92)

Thus, we can establish a relationship between the gravitational force exerted by the
galaxy and the centrifugal force experienced by an object in circular orbit as follows:

−∂Ψ

∂ρ
= ρω2 =

ρω2
0

m
kT0

+ 2aρ2 + 2(a− α)z2
(4.3.93)

15For the terms in C2
y , C

2
z = 0 and CxCy.

16
(

m
kH − 2αρ2

) (
∂ω
∂z2

)
= −aω

17This is because the circular velocity is the speed at which a star (or any other object) must move
along a circular path to maintain a stable orbit around the center of the galaxy, due to the centripetal
force provided by the gravitational attraction of the galaxy.
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The partial derivative of the gravitational potential Ψ with respect to the radial
coordinate ρ, denoted −∂Ψ

∂ρ
, represents the gravitational acceleration. For an object to

maintain a circular orbit, this acceleration must be equal to the centrifugal force, which
is given by ρω218.

18The constraint on the gravitational potential indicates that for a star in a stable orbit, the grav-
itational force must exactly counterbalance the centrifugal force at each radius ρ. This condition is
fundamental for determining the mass distribution in galaxies using observed rotation curves.
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First-Order Solution

The terms contributing to the solution of the Vlasov equation are C · ∇r ln(f) and(
∇rΨ+ co · ∂co

∂r

)
· ∇C ln(f), and must satisfy the relation:

C · ∇r ln(f) +

(
∇rΨ+ co ·

∂co
∂r

)
· ∇C ln(f) = 0 (4.3.94)

We need to express C · ∇r ln(f) while retaining only the �rst-order terms, namely:

C
∂ lnB

∂r
= Cx

∂ lnB

∂x
+ Cy

∂ lnB

∂y
+ Cz

∂ lnB

∂z
(4.3.95)

Regarding
(
∇rΨ+ co · ∂co

∂r

)
·∇C ln(f), we know that the angular velocity of a galaxy

ω depends only on ρ2 and z2. Thus, equations 4.3.83, 4.3.84, and 4.3.85 allow us to
transform relation 4.3.51 as follows:

∂c0
∂r

=

 −2xy ∂ω
∂r2

2x2 ∂ω
∂r2

+ ω 0
−2y2 ∂ω

∂r2
− ω 2xy ∂ω

∂r2
0

−2yz ∂ω
∂z2

2xz ∂ω
∂z2

0

 (4.3.96)

Thus, its dot product with 4.3.9 allows us to deduce that:

c0
∂c0
∂r

= −ω2
c0
(x, y, 0) (4.3.97)

Then : (
∇rΨ+ co ·

∂co
∂r

)
= −

(
∂Ψ
∂x
, ∂Ψ
∂y
, ∂Ψ
∂z

)
+ ω2

c0

(
x, y, 0

)
(4.3.98)

Now we know that19 :

ω2
c0
(x, y, 0) = −

(
∂Ψ0

∂r

)
= −

(
∂Ψ0

∂x
,
∂Ψ0

∂y
,
∂Ψ0

∂z

)
with Ψ0 = −1

2
ω2
c0
ρ2 (4.3.99)

Consequently: (
∇rΨ+ co ·

∂co
∂r

)
= −∂(Ψ + Ψ0)

∂r
(4.3.100)

Thus, according to 4.3.9, 4.3.12, and 4.3.53, we can deduce:

∇C ln(f) = − m

kH

Cx

Cy

Cz

+ 2a

xxCx + xyCy + xzCz

xyCx + yyCy + yzCz

xzCx + yzCy + zzCz

+ 2α

 y2Cx − xyCy

−xyCx + x2Cy

0


(4.3.101)

19Considering 4.3.28, we can deduce that ∂Ψ0

∂ρ = − 1
2ω

2
c0

∂ρ2

∂ρ = −ω2
c0(x, y, 0)
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This yields:

∇C ln(f) =

Cx

(
− m

kH
+ 2ax2 + 2αy2

)
+ Cy2xy(a− α) + Cz2axz

Cx2xy(a− α) + Cy

(
− m

kH
+ 2ay2 + 2αx2

)
+ Cz2ayz

Cx2axz + Cy2ayz + Cz

(
− m

kH
+ 2az2

)
 (4.3.102)

We thus obtain:(
∇rΨ+ co ·

∂co
∂r

)
·∇C ln(f) = −∂(Ψ + Ψ0)

∂r

Cx

(
− m

kH
+ 2ax2 + 2αy2

)
+ Cy2xy(a− α) + Cz2axz

Cx2xy(a− α) + Cy

(
− m

kH
+ 2ay2 + 2αx2

)
+ Cz2ayz

Cx2axz + Cy2ayz + Cz

(
− m

kH
+ 2az2

)


(4.3.103)
Thus, the three partial di�erential equations that satisfy the �rst-order terms of the

Vlasov equation 4.3.94 are as follows20 :

∂ lnB

∂x
+

∂(Ψ + Ψ0)

∂x

(
m

kT0

+ 2(a− α)y2 + 2az2
)
− 2

∂(Ψ + Ψ0)

∂y
xy(a− α)− 2

∂(Ψ + Ψ0)

∂z
axz = 0

(4.3.104)

∂ lnB

∂y
− 2

∂(Ψ + Ψ0)

∂x
xy(a− α) +

∂(Ψ + Ψ0)

∂y

(
m

kT0

+ 2(a− α)x2 + 2az2
)
− 2

∂(Ψ + Ψ0)

∂z
ayz = 0

(4.3.105)

∂ lnB

∂z
+ 2

∂(Ψ + Ψ0)

∂x
axz + 2

∂(Ψ + Ψ0)

∂y
ayz − ∂(Ψ + Ψ0)

∂z

(
m

kT0

+ 2az2
)

= 0

(4.3.106)

4.3.2 Modeling the E�ects of Negative Mass Environment on

Velocity Distribution

In spherical symmetry, the two transverse axes of the velocity ellipsoid, which are equal,
di�er from the axis pointing towards the center of the galaxy. For an axisymmetric
system, the two transverse axes di�er, which was developed in reference [61]. In the
con�guration of �gure 4.2, the form of the velocity distribution function corresponds to
a particular spherically symmetric con�guration:

ln(f) = lnB(r)− C2

⟨c2⟩
+ a(r)(C · r)2 (4.3.107)

The equation takes into account the mean square velocity of particles, denoted ⟨c2⟩,
and a potential function B(r), as well as a function a(r) that adjusts the distribution
based on the radial distance r. The term C represents the residual thermal agitation
velocity, and C · r represents the dot product of the residual velocity with the position

20Still in the speci�c context where a and α are constants in space and knowing that according to
4.3.34, we obtain m

kH = m
kT0

+ 2ar2 = m
kT0

+ 2ax2 + 2ay2 + 2az2
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vector, which would have signi�cance in the context of a velocity distribution in a galaxy
or a similar system.

Figure 4.2: Galaxy surrounded by a con�ning negative mass.

For the negative mass environment, a Maxwellian velocity distribution is used:

ln(f) = lnB(r)− C2

⟨c2⟩
(4.3.108)

By introducing these functions into the two Vlasov equations 4.3.6 and 4.3.7 and
using dyadic algebra ([16] [74]), we obtain exact solutions that model the con�nement
of this spheroidal galaxy corresponding to Figure 4.3.

Figure 4.3: Spheroidal galaxy, globular cluster, or galaxy cluster.
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This model highlights the role of the negative mass environment in con�ning spheroidal
galaxies, galaxy clusters, and, in the case of galaxies, gives the possibility to reconstruct
their �at rotation curves. The positive mass objects are located in voids of the negative
mass distribution. These voids, equivalent to a positive mass, are primarily responsible
for the observed gravitational lensing e�ects. Thus, the model accounts for this set of
observations.

From this perspective, it o�ers an alternative to the dark matter model. In this
context, a solid body rotation21 is introduced.

The image in �gure 3.8 comes from numerical simulations conducted at the Deutsches
Elektronen-Synchrotron (DESY) laboratory in Hamburg in 1992 by student Frédéric
Descamp, who used the pseudonym F. Landsheat in his publications. Within just a few
cycles, after a transient phase, a barred spiral galaxy forms, which persists for about
thirty cycles [60].

The evolution of the galaxy's angular momentum, as well as the establishment of
its rotation curve di�ering from the initial solid body rotation, are illustrated in �gure
3.9.

The phenomenon of deceleration serves as an illustration in systems where collisions
are minimal and transport phenomena such as heat and angular momentum are neg-
ligible. In the context of spiral galaxies, these interactions are orchestrated by density
waves, which become evident in the distribution of positive masses and their counter-
parts in the realm of negative masses, as demonstrated by numerical simulations.

For three decades, astrophysicists have linked the observed spiral structures in galax-
ies to a phenomenon of deceleration. A recent research paper [18] presents observational
evidence for this phenomenon, known as dynamical friction. The authors conclude that
this supports the hypothesis of the existence of a dark matter halo, which, in their
view, explains this deceleration. Nevertheless, an alternative interpretation remains
plausible. This study can be seen as providing an argument in favor of the idea that
deceleration results from the interaction between the mass of the galaxy and its nega-
tive mass environment.

NB:

� Angular momentum is a physical property that describes the rotation of an ob-
ject. For a galaxy, this means how it spins in space. The evolution of angular
momentum indicates that over time, the way the galaxy rotates changes. This can

21This means that all parts of the object rotate at the same speed, like a spinning top. However,
the actual rotation curve of the galaxy di�ers from this simple solid-body model. In other words, the
galaxy's rotational speed varies at di�erent distances from the center, which is typical for real galaxies.
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be due to several factors, such as gravitational interactions with other galaxies or
its negative mass environment, internal movements of stars, or even the formation
of new structures within the galaxy.

� The rotation curve of a galaxy shows how the rotation speed varies at di�erent
distances from its center. Typically, one would expect the far parts of the galaxy
to rotate more slowly than the parts closer to the center, much like the planets in
our solar system - the farther they are from the sun, the slower their orbital speed.

� A phenomenon of dynamical friction exists within the galaxy. It is a process that
occurs when a massive object, like a star or a group of stars, moves through a
dense �eld of matter made up of gas and stars in a galaxy. As it moves, this
massive object attracts the surrounding matter due to gravity. This matter in
return pulls on the object, gradually slowing it down. Imagine running through
a crowd. Even if people do not stop you directly, their presence slows your move-
ment. This is a simple analogy for dynamical friction. When many objects in a
galaxy undergo dynamical friction, it can slow down the overall rotation of the
galaxy. This slowing is usually not uniform; it can a�ect di�erent parts of the
galaxy di�erently, depending on the distribution of matter and the movements of
stars and other objects.
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Chapter 5

Contribution to Cosmology & Particle
Physics

5.1 Introduction to Dynamic Groups

Dynamical Systems Theory is a mathematical discipline focused on the analysis of the
evolution over time of various systems, taking into account initial conditions and ex-
ternal in�uences. Symplectic Geometry, which merges aspects of dynamical systems
theory with those of di�erential geometry, examines the properties and deformations
of curved spaces under the action of external forces. This �eld, based on the principles
of Hamiltonian mechanics, explores structures named "symplectic varieties", endowed
with a unique con�guration useful for measuring volumes. Unlike Riemannian geom-
etry, which uses a metric tensor to measure lengths and angles, symplectic geometry
employs a mathematical form, the "symplectic form", for the calculation of areas.

Jean-Marc Souriau was a leading pioneer in symplectic topological geometry. He
developed the concept of geometric quantization, transforming fundamental physical
quantities like energy and momentum into purely geometric objects. Souriau's work
gave physical meaning to the reversal of time's arrow in our cosmological model ([9],
[34]).

What is a group?

In mathematical terms, it refers to certain matrices acting upon other matrices. But
physically, what does this represent?

According to J-M Souriau, a group is created for transportation, and the method of
transport is more signi�cant than the transported entity: �Tell me how you move, and
I will tell you who you are.�

Our focus is primarily on Lie groups(see [11]), which are both groups and di�erential
manifolds (locally projected �curved spaces� onto an n-dimensional Euclidean space).
They are instrumental in describing movements and transformations in space. Two key
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groups are the orthogonal group O(3) and the Euclidean group E(3):

� The orthogonal group O(3) is used to describe rotations and symmetries in
three dimensions, preserving distances in space. It includes a crucial subgroup
called SO(3), the rotation group, which manages rotations around an axis.

� The Euclidean group E(3) describes three-dimensional movements like ro-
tations, symmetries, and translations. Built upon the orthogonal group O(3),
it can be broken down into a force and a couple applied to an object in solid
mechanics. It's a group within which the Pythagorean theorem can be used to
calculate the length between two points. This group transforms a point with
coordinates x, y, z to a new point with coordinates x′, y′, z′. The unique feature
of this dynamic group is its ability to generate a family of geometric objects in-
variant within the group. For example, a line subjected to translation remains
a line, making it a one-dimensional invariant geometric object. A sphere is a
perfect example of a three-dimensional symmetric object. Its unique property is
that it remains unchanged under rotations around its center, showcasing rota-
tional symmetry. In geometric terms, this implies that when a sphere undergoes
a rotational movement, it maintains its geometric properties uniformly at every
point. In the �eld of physics, particularly in the study of space-time in general
relativity, Schwarzschild's solution is an important concept. It describes the grav-
itational �eld outside a non-rotating, spherically symmetric mass such as a star.
The Schwarzschild metric, a solution to Einstein's �eld equations, is invariant
under rotations and translations in time and space, resembling the invariance
observed in Euclidean geometry but applied to the curved space-time of general
relativity. In Schwarzschild space-time, geodesics are determined by the curva-
ture of space-time, which is described by the Schwarzschild metric. For an object
moving along a geodesic, certain quantities such as its angular momentum and
energy relative to the mass causing the curvature of space-time are conserved.
This conservation is the result of the symmetries of space-time, analogous to the
laws of conservation in classical mechanics.

Lie groups thus describe movements in space while preserving distances and lengths.
They are groups of isometry when the geometric properties of moving objects remain
unchanged (distances and angles) in space during a transformation. Rotations are
examples of three-dimensional space symmetries, as they do not alter the geometric
properties of the space. For instance, rotating a cube does not change the distances
between its vertices. In other words, the geometric properties of the object remain
unchanged, even though its position has been modi�ed.

According to the theory of special relativity, instead of living in a three-dimensional
Euclidean space [x, y, z] with a signature (+ + +) where time is a distinct entity, we
actually exist in a four-dimensional spacetime where the three spatial dimensions are
perpendicular to one temporal dimension [t, x, y, z] called Minkowski spacetime, with a
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signature of (−+++).

The Poincaré group, associated with this space, plays a crucial role in describing
motion in the spacetime of special relativity. This group allows for modeling speci�c
behaviors, especially those of massless particles like photons, which move invariably at
the speed of light. While their speed remains constant, gravity a�ects their energy,
leading to phenomena such as gravitational redshift. Furthermore, the Poincaré group
also applies to particles with nonzero mass, each following its own dynamics dictated
by the principles of relativity. This dynamic group applied to special relativity, includes
the motion of masses or photons with a possible reversal of the time arrow1 and can be
represented in matrix form as follows :(

L C
0 1

)
(5.1.1)

where L represents the matrix of the Lorentz group (Lor) which describes how space-
time coordinates change between di�erent inertial frames. These transformations in-
clude rotations in space as well as Lorentz transformations (boosts), which are changes
of reference frames moving at a constant speed relative to each other. And C is the
vector corresponding to spatio-temporal translations in R1,3.

Indeed, half of the elements of the dynamic group reverse time, implying that if we
consider a space-time element like a mass or a photon and apply a temporal motion
from past to future, we can achieve the same motion in the reverse direction using the
Poincaré group. Consequently, according to Souriau's theory from his work "Structure
of Dynamic Systems" ([34]), if the dynamic group can circulate photons or masses with
a time arrow in opposition, then their energy, and thus their mass, can also be reversed.

N.B.: The restricted Poincaré group exclusively handles "orthochronous" relativistic
movements in four-dimensional Minkowski space, transitioning from past to future. Its
matrix form includes the matrix Lo of the "orthochronous" Lorentz group Loro as
follows: (

Lo C
0 1

)
(5.1.2)

Can we now consider these movements with negative energy and mass and an opposing
time arrow as part of Physics? Can they be measured or observed?

Particles with negative energy emit photons of negative energy, so they cannot be
observed or measured optically. However, it has been observed and measured that the
expansion of the universe is accelerating due to negative pressure linked to dark energy
([48]). Indeed, pressure is an energy density per unit volume.

1From past to future and vice versa.
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Thus, the expansion of the universe is directly linked to negative energy. This sug-
gests that a substantial part of the universe, currently de�ned as dark energy, a�ects
this expansion through gravitational e�ect. This dynamic group and geometric ap-
proach, therefore, provide an answer to its origin and nature. It could be content with
masses or photons charged with negative energy.

5.2 Various Symmetries Associated with Each Inver-

sion Operator

The restricted Poincaré group handles relativistic movements in four-dimensional Minkowski
space. The Poincaré group is the group according to the following matrix :(

L C
0 1

)
(5.2.1)

where C is the vector corresponding to spatio-temporal translations in R1,3:

C =


∆t
∆x
∆y
∆z

 (5.2.2)

It acts on points in Minkowski space:

ξ =


t
x
y
z

 (5.2.3)

This 10-dimensional group is the isometry group of this space, de�ned by its metric:

ds2 = dt2 − dx2 − dy2 − dz2 (5.2.4)

The Lorentz group Lor has four connected components:

� Lorn is the neutral component (its restricted subgroup), does not invert either
space or time and is de�ned by:

Lorn = {L ∈ Lor, det(L) = 1 ∧ [L]00 ≥ 1}

� Lors inverts space and is de�ned by:

Lors = {L ∈ Lor, det(L) = −1 ∧ [L]00 ≥ 1}
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� Lort inverts time but not space and is de�ned by:

Lort = {L ∈ Lor, det(L) = 1 ∧ [L]00 ≤ −1}

� Lorst inverts both space and time and is de�ned by:

Lorst = {L ∈ Lor, det(L) = −1 ∧ [L]00 ≤ −1}

And we have:
Lor = Lorn ⊔ Lors ⊔ Lort ⊔ Lorst (5.2.5)

The �rst two components are grouped to form the so-called �orthochronous� sub-
group:

Loro = Lorn ⊔ Lors (5.2.6)

It includes P-symmetry, which poses no problem for physicists who know that there
are photons of "right" and "left" helicity whose motions are derived from this symme-
try. This corresponds to the phenomenon of the polarization of light.

The last two components form the subset "retrochronous" or "antichronous", whose
components invert time:

Lora = Lort ⊔ Lorst (5.2.7)

Thus, we have:
Lor = Loro ⊔ Lora (5.2.8)

Noting that:
Lort = −Lors Lorst = −Lorn (5.2.9)

The Poincaré group inherits the properties of the Lorentz group and thus has four
connected components, it's de�ned by:

Poin :=

{(
L C
0 1

)
, L ∈ Lor ∧ C ∈ R1,3

}
(5.2.10)

5.3 Lorentz Dynamic Group

The application of the coadjoint action of a dynamic group on the dual of its Lie alge-
bra, initiated by mathematician Jean-Marie Souriau, has shed light on speci�c aspects
of the approach followed in physics. The restricted dynamic Lorentz group, limited to
its two orthochronous components, translates, through its resulting invariance proper-
ties, aspects of special relativity. In 1970, J-M Souriau established that the analysis
of the components of its moment highlights the geometric nature of a (non-quanti�ed)
spin ([71] [73]). The Lorentz group has two connected orthochronous components,
namely its �rst neutral component, containing the neutral element of the group, and
its second enantiomorphic component, inverting space synonymous with P-Symmetry.
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In dynamic group theory, a classi�cation in terms of movements is made apparent. At
this stage, the action of these space-inverting elements is illustrated in the phenomenon
of light polarization, where any "right" photon can be converted into a "left" photon.
This group can be represented by a family of 4×4 matrices L, axiomatically de�ned by
LTGL = G, where LT is the transpose of the Lorentz matrix L, and G is the Minkowski
metric matrix, often referred to as the Gram matrix in this context. In special relativ-
ity, it is generally represented by a diagonal matrix with elements diag(1,−1,−1,−1).
This equation signi�es that the Lorentz transformation preserves the Minkowski inner
product, a crucial condition for the coherence of the theory of special relativity.

5.4 Restricted Poincaré Dynamic Group

The product of the Lorentz group with the spatiotemporal translation group allows us to
construct the restricted Poincaré dynamic group, still limited to its two orthochronous
components. In its moment, we �rst �nd the energy related to the subgroup of tem-
poral translations. Then the momentum, related to spatial translations, both being
linked by the invariance of the modulus of the energy-momentum four-vector under the
action of the Lorentz group. The matrix associated with this group must include the
"orthochronous" Lorentz matrix Lo of dimension 3×3, as well as the translation vector
C and additional components to complete its structure(See 5.1.2).

5.5 Restricted Kaluza & Janus Dynamic Groups

By adding a translation along a �fth dimension to the restricted Poincaré group, we
form a Lie group to which we will give the name Restricted Kaluza Group ([6], [8],
[9], [34], [36]). This group is not the 15-dimensional Kaluza group associated with
a 5-dimensional Lorentzian manifold but a new 11-dimensional group, including 5-
dimensional space-time translation. This new dimension endows the momentum with
an additional scalar that can be identi�ed with the electric charge q, which may be
positive, negative, or zero, and is still not quantized. We then bring out the geometric
translation according to a scalar ϕ due to endowing the masses with an invariant electric
charge. Then, by bringing in a new symmetry re�ecting the inversion of the �fth
dimension, synonymous with an inversion of the scalar from q to −q, we double the
number of its connected components from 2 to 4. The action on the moment then
links this new symmetry to the inversion of the electric charge q. We thus deduce the
geometric modeling of charge conjugation or C-Symmetry, which translates the matter-
antimatter symmetry introduced by Dirac. It's then logical to name this new extension,
the Restricted Janus Group.
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5.6 Janus Dynamic Group

By introducing a new symmetry to the previous group, which we describe as T-
Symmetry and which converts matter into antimatter with negative mass � a concept
we could name antimatter in the Feynman sense � we build the Janus Dynamic Group.
Thus, we double the number of connected components from four to eight, grouped
into two subsets: "Orthochronous", conserving time and energy properties, and "An-
tichronous", reversing time and energy. Therefore, we bring forth the geometric trans-
lation of endowing masses with an invariant electric charge. As the Jean-Marie Souriau
demonstrated as early as 1970, a pioneer in the theory of dynamic groups ([71], [73]),
this approach has allowed key elements, which have marked the progress of relativistic
physics, to be given a purely geometric nature.

Here is the matrix associated with the Janus Dynamic Group from which it is
possible to reconstruct all the symmetry groups:

J an =


(−1)µ 0 ϕ

0 T λSνLn C
0 0 1

 , λ, µ ∈ {0, 1} ∧ ϕ ∈ R ∧ L ∈ Lor ∧ C ∈ R1,3


(5.6.1)

� P-Symmetry :
By setting µ = 0, λ = 0, and ν = 1, we obtain:

J an =


1 0 ϕ
0 Ls C
0 0 1

 , ϕ ∈ R ∧ Ls = SLn ∈ Lor ∧ C ∈ R1,3

 (5.6.2)

This symmetry operator corresponds to the inversion of space where an element of
the second connected component of the orthochronous group is considered. It is
this symmetry that inverts the helicity of a photon, transforming a �right-handed
photon� into a �left-handed photon� which corresponds to the phenomenon of light
polarization.

� C-Symmetry :
We must apply µ = 1, λ = 0 and ν = 0.
Starting from the Ln element of the restricted Lorentz orthochronous group, by
inverting the �fth dimension carrying the electric charge q, we obtain the "C-
symmetry" operator or "charge conjugation" (quantum) such that:

J an =


−1 0 ϕ

0 Ln C
0 0 1

 , ϕ ∈ R ∧ Ln ∈ Lor ∧ C ∈ R1,3

 (5.6.3)
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It is this symmetry that represents the "Matter-Antimatter" transformation.

� T-Symmetry :
By setting µ = 0, λ = 1, and ν = 0, we remove the symmetry C (J an11 = 1) and
the symmetry P (J an22 = −Ls). We obtain:

J an =


1 0 ϕ
0 −Ls C
0 0 1

 , ϕ ∈ R ∧ Ls = −Lt = −TLn ∈ Lor ∧ C ∈ R1,3


(5.6.4)

� CP-Symmetry :
By setting µ = 1, λ = 0, and ν = 1, we add the symmetry C (J an11 = −1) and
the symmetry P (J an22 = Ls) to obtain:

J an =


−1 0 ϕ

0 Ls C
0 0 1

 , ϕ ∈ R ∧ Ls = SLn ∈ Lor ∧ C ∈ R1,3

 (5.6.5)

NB : We can deduce it also by removing the T-symmetry (J an22 = Ls) from the
CPT-symmetry following this operation : CP = T ·CPT

� CPT-Symmetry :
We must apply µ = 1, λ = 1 and ν = 1.
We know that the element Ln of the Neutral group does not reverse either time
or space, so the element J an22 = −Ln reverses both space and time to form the
PT-symmetry operator. However, if we add the C-symmetry (J an11 = −1), we
form the CPT Janus group with charge symmetry such as:

J an =


−1 0 ϕ

0 −Ln C
0 0 1

 , ϕ ∈ R ∧ Ln = −TSLn ∈ Lor ∧ C ∈ R1,3


(5.6.6)

� PT-Symmetry :
We must apply µ = 0, λ = 1 and ν = 1.
By removing the C-symmetry (J an11 = 1) from the CPT-symmetry following
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this operation : PT = C ·CPT we obtain :

J an =


1 0 ϕ
0 −Ln C
0 0 1

 , ϕ ∈ R ∧ Ln = −TSLn ∈ Lor ∧ C ∈ R1,3


(5.6.7)

� CT-Symmetry :
We must apply µ = 1, λ = 1 and ν = 0.
Then, by removing the P-symmetry (J an22 = −Ls) from the CPT-symmetry
following this operation : CT = P ·CPT we obtain :

J an =


−1 0 ϕ

0 −Ls C
0 0 1

 , ϕ ∈ R ∧ Ls = −TLn ∈ Lor ∧ C ∈ R1,3


(5.6.8)

� Neutral Operator :
By setting µ = 0, λ = 0, and ν = 0, the object moves through the �ve dimensions
without changing its nature. Only the neutral element of the "orthochronous"
subgroup is considered (J an22 = Ln). We obtain:

J an =


1 0 ϕ
0 Ln C
0 0 1

 , ϕ ∈ R ∧ Ln ∈ Lor ∧ C ∈ R1,3

 (5.6.9)

It should be noted that Feynman considers that applying PT-symmetry to the
motions of particles leads to the creation of antimatter through the application of C-
symmetry. Therefore, PT-symmetry is equivalent to C-symmetry, i.e. a particle of
matter "seen in a mirror" and moving backward in time is antimatter.

This perspective is derived from Weinberg's work, "The Quantum Theory of Fields"
in Section 2.6, titled "Space Inversion and Time-Reversal" ([80]). Indeed, an arbitrary
choice is applied for the inversion operator T, resulting in the fact that the CPT oper-
ator becomes the identity.

Thus, given that CPT = I, it follows that PT = PT · I = PT ·CPT = C. Conse-
quently, Feynman's viewpoint relies primarily on Quantum Mechanics, where quantum
theorists make a priori, entirely arbitrary choices regarding the P and T operators,
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constrained by the "need to avoid the emergence of negative energy states (considered
non-physical)". Therefore, the P operator must be linear and unitary, and the T op-
erator antilinear and antiunitary. And to conclude by adding on page 104 that: "No
examples are known of particles that furnish unconventional representations of inver-
sions, so these possibilities will not be pursued further here. From now on, the inversions
will be assumed to have the conventional action assumed in Section 2.6".

Negative energy states (associated with negative pressure) exist because they're re-
sponsible for the acceleration of cosmic expansion, as evidenced by Perlmutter's Nobel
Prize-winning work in 2011 ([48]). However, at the time when Quantum Field Theory
emerged, this phenomenon was not yet known.

Therefore, for Feynman, the presence of the time inversion operator T in its global
PT-symmetry does not lead to mass inversion but transforms matter into positive-mass
antimatter by charge inversion through the C-symmetry.

In the view of the Janus group, starting from the motion of a particle with positive
mass in 5D space, C-symmetry (carried by the inversion of the �fth dimension) trans-
forms this particle (this motion) into a positive-mass antiparticle that can be called a
"Dirac-like antiparticle", which is the kind produced in laboratories and has recently
been demonstrated to behave in the same way as ordinary matter under the in�uence
of gravity ([5]).

On the other hand, the PT -symmetric transformation applied to a particle produces
an antiparticle with negative energy and mass, due to T-symmetry, which can be called
a "Feynman-like antiparticle" which corresponds to primordial antimatter located be-
tween galaxies and is notably found as conglomerates in the Great Repeller ([32]). The
equivalence PT = C, according to Feynman, is then no longer applicable.

5.7 Implications

This study's signi�cant contributions primarily a�ect the �elds of Quantum Mechanics
and Cosmology:

� In Quantum Mechanics, a notable aspect is the reversal of energy of certain
objects. An intriguing question arises regarding the feasibility of objects with neg-
ative energy states in Quantum Mechanics. In addressing T-Symmetry, quantum
physicists traditionally adopt an anti-linear and anti-unitary perspective for the
T -operator, aiming to exclude negative energy states, which are generally not con-
sidered intrinsic to physics. Similarly, a P -operator is chosen to be unitary and lin-
ear for analogous reasons (see [80]). These selections underpin the CPT -theorem,
reinforcing the notion that PT-Symmetry aligns with C-Symmetry. Contrarily,
adopting a linear and unitary T -operator reveals that negative energy states are a
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natural outcome in the Schrödinger and Dirac equations(see [21]), paving the way
for novel research avenues. Moreover, cosmological observations have con�rmed
that the universe's expansion is accelerating, attributed to a negative pressure
associated with dark energy, as demonstrated by the Nobel Prize-winning work
of Perlmutter in 2011. Since pressure represents energy density per volume, this
phenomenon directly correlates with negative energy in�uencing the universe's
expansion.

� In the realm of Cosmology, general relativity �rmly dismisses the concept of
negative masses, citing the emergence of the Runaway phenomenon and con�icts
with the principles of action-reaction and equivalence (see [10]). Therefore, any
new model proposing the integration of negative energy and mass states would
necessitate an expansion of the foundational geometric framework of relativity.
The dynamic group theory, revolving around various groups such as Lorentz,
Poincaré, or Kaluza, provides a framework for depicting a universe devoid of
forces, characterized by a �at, uncurved structure. In such a universe, particles
trace the geodesics of Minkowski space within a Lorentzian metric or navigate a
�bered space in�uenced by a �fth dimension, be it open or closed. This theoretical
approach intimates the coexistence of two distinct types of matter, existing in
isolation without mutual interaction. Thus, particles within these spaces do not
interact with each other. This innovative perspective opens new pathways in
understanding particle-space-time interactions.
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5.8 Appendix

In the theory of dynamic groups developed by J.M. Souriau in 1970, the connection
between the geometric structure and the physical content of a system is explored using
speci�c dynamic groups ([71],[73]). These dynamic groups describe the symmetries and
transformations that preserve the geometric properties of the system. By studying the
nature of the dynamic group associated with a given physical system, we can determine
the relationships between geometry and the associated physical quantities.

Every movement of an object in space-time has its moment. However, this is not
synonymous with an instant or the physical concepts of linear or angular momentum.
The term moment in group theory refers to movement, that is, a physical displacement
between points in space.

To determine this moment, it is necessary to �rst de�ne what a group action is. This
refers to the way in which a group of matrices can act by multiplication on another
group of matrices in order to manage, for example in the Euclidean group, rotations,
symmetries, and translations in a single operation.

But J.M. Souriau discovered that a group can also act on moments, in turn generat-
ing a new geometric space. Thus, there may be another action of the group on another
space. In fact, there is a space where movements are inscribed: space-time. In the four-
dimensional Minkowski space-time, a group acts on a point t1, x1, y1, z1 to give another
point t2, x2, y2, z2. However, what is inscribed in space-time is only the trajectory. Yet,
the movement acts in two spaces, the second being the space of movement parameters,
which Souriau calls the space of moments2.

The Coadjoint Action of the Poincaré Group on its Space of

Moments

Consider the movement of an object in space. Such movement is also de�ned by its
moment µ. The physicist can then apply an element g, for example from the Galilean
group, to this moment µ. This produces a new moment µ′. This action can be written

2Souriau's approach, thanks to the Poincaré group which is the isometry group of Minkowski
space encompassing the Lorentz group (with its four connected components), allows the parameters
associated with each of these movements, whose representative points belong to a vector space, the
space of moments, to emerge. The dimension of this space is equal to that of the group: ten. Indeed,
the Lorentz group is made up of transformations that preserve the quadratic form of space-time. It
consists of the orthochronous Lorentz transformations and the translation group. The orthochronous
Lorentz transformations have six degrees of freedom, while the translation group has 4 degrees of
freedom. This structure leads to a total dimension of the Poincaré group of ten. By grouping them
in an antisymmetric matrix called a torsor, it is thus possible to de�ne the parameters of the space of
movements.
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as follows:
µ′ = g × µ× gT (5.8.1)

gT represents the transpose of this matrix, and µ is the matrix of moments. It is an
antisymmetric matrix of size 5 × 5, meaning that symmetric elements with respect to
the main diagonal have opposite signs. The elements of the main diagonal are equal to
zero (which is its own opposite). We can de�ne this matrix as follows:

µ =


0 −lz ly fx −px
lz 0 −lx fy −py
−ly lx 0 fz −pz
−fx −fy −fz 0 −E
px py pz E 0

 (5.8.2)

For example, to better understand what µ represents, this 5× 5 matrix can be bro-
ken down as follows:

� A matrix M of dimension 4× 4 given by:

M =


0 −lz ly fx
lz 0 −lx fy
−ly lx 0 fz
−fx −fy −fz 0

 (5.8.3)

� An energy-momentum vector P of dimension 4× 1 given by3:

P =


px
py
pz
E

 (5.8.4)

� Its transpose, the row vector P T of dimension 1× 4 given by:

P T =
(
px py pz E

)
(5.8.5)

We can deduce the more compact form of µ as follows:

µ =

(
M −P
P T 0

)
(5.8.6)

The coadjoint action is the action of a group on its space of moments. More specif-
ically, it is the action of a Lie group on the dual vector space of its Lie algebra4

3We specify the word vector to indicate the nature of the variable used, in order not to overload
the expressions.

4The dual of a Lie algebra, in the context of physics, is a mathematical space composed of covectors.
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Poincaré Group

In General Relativity, the Poincaré group governs the motion of relativistic material
particles (5.2.10) and can be de�ned by the matrix group5:

g :=

{(
L C
0 1

)
, L = λLo ∈ Lor ∧ λ = ±1 ∧ C ∈ R1,3

}
(5.8.7)

acting on Minkowski space as follows:

g(X) = L.X + C (5.8.8)

The action of the group on its space of moments is the action on the dual of the Lie
algebra of the group. The element of the Lie algebra is obtained by di�erentiating the
ten components of the group. Souriau designates by the Greek letter Λ the di�erential
of the square matrix Z representing the element of the Poincaré group, and by the
Greek letter Γ the element of the subgroup of spatio-temporal translations6:

Z :=

{(
Λ Γ
0 0

)
, Λ̄ = −Λ ∧ Γ ∈ R1,3

}
(5.8.9)

We have shown that the moment matrix µ includes elements with a physical inter-
pretation, such as the four-vector P , where E represents the energy and p = {px, py, pz}
the linear momentum.

However, what is the essence and physical signi�cance of this antisymmetric matrix
M ?

These covectors are mathematical entities that assign scalar values to vectors in the Lie algebra,
representing physical quantities that do not have a speci�c direction, such as energy or temperature.
Moments, in this context, are measures that describe how the transformations associated with a Lie
group modify the Lie algebra itself. The coadjoint representation is a method by which a group acts on
the dual of its Lie algebra. This action allows for the examination of the transformation of covectors,
like moments, under the in�uence of the group. The interest of this approach lies in its ability to
reveal information about the geometric and physical characteristics of systems studied, by analyzing
how these systems evolve or remain invariant under the transformations of the group.

5(13.51) and (13.52) of [73]
6(13.54) of [73]. He then writes µ, an element of the space of movements, in the form (13.57) and

expresses the invariance in the form of the constancy of the scalar (13.58), where M is an antisymmetric
matrix.
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Let's proceed to decompose it to �nd out:

M =


0 −lz ly fx
lz 0 −lx fy
−ly lx 0 fz
−fx −fy −fz 0


S =

 0 −lz ly
lz 0 −lx
−ly lx 0



f =


fx
fy
fz
0



(5.8.10)

In its compact form:

M =

(
S f

−fT 0

)
(5.8.11)

The velocity V is implicitly integrated into the L matrix of the Lorentz group.
When examining a motion occurring in a speci�c direction, for example along an axis,
with a velocity V and a translation ∆z = c, and c = V∆t, we then place ourselves
in a coordinate system that follows the motion of the particle along this translation in
space-time. In this context, the vector f turns out to be null.

The matrix S can then be expressed as follows:

S =

0 −s 0
s 0 0
0 0 0

 (5.8.12)

The term refers to the spin of a particle. As Souriau demonstrated in 1970, it has
a purely geometric nature: it is represented by an antisymmetric matrix of size 3 × 3.
The method of geometric quantization he developed reveals that spin can only be an
integer multiple of ℏ (the reduced Planck constant). Souriau also explored, in [73], how
the existence of an electric charge in a particle suggests its movement in a spacetime
endowed with a �fth dimension of extremely small size7, similar to the Kaluza dimen-
sion, which is looped onto itself like a bundle of �bers. This �fth dimension, being
looped onto itself, could lead to the geometric quantization of electric charge, thanks to
a "closure form" in spacetime, allowing an object to become identical to itself after a
360◦ rotation. This characteristic is fundamental for understanding the quanti�cation
of spin.

7The Planck length
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The quantity f = [fx, fy, fz], designated by Souriau as the "passage", cancels out in
the frame of the moving particle and is only perceptible from another frame, illustrating
an e�ect of motion8.

The relationship Cm = f + pt establishes a link between the passage f and the
position of the center of mass Cm at time t = 0.

The complete Galilean moment consists of the following elements:

µ = {energy, mass, momentum, passage, spin}

Every movement of an object is characterized by its own moment, which can only
be partially transferred from one object to another, without the possibility of creation
or disappearance. This allows the moment to be measured by transferring a part of the
object's moment to the measuring instrument.

It is important to note that rest mass is considered a parameter of the moment. Un-
like classical mass, which was treated as an arbitrary additive constant in the Galilean
group, mass in the Poincaré group is de�ned as relativistic massm = E

c2
, and thus varies

with velocity. This treatment also di�ers from the non-relativistic dynamic group by
the absence of barycentric decomposition9, a feature of the Galilean group resulting
from the existence of a privileged subgroup absent in the Poincaré group10. Any virtual
movement can be interpreted as a real movement by changing the frame of reference11.
The Poincaré group thus describes the properties of elementary particles using only two
physically interpretable parameters: rest mass and spin12.

For massless particles such as the photons, helicity, in addition to polarization (lin-
ear or elliptical), is also crucial. The helicity of the photon, which can take the values
±1, corresponds respectively to left circular polarization (LCP) and right circular po-
larization (RCP). The helicity of a particle is determined by the orientation of its spin

8For example, you are sitting in a �ying plane at the back of the cabin, and you are asked to move
forward. You can only pass if you �borrow some passage� from the plane. This will cause it to deviate
slightly from its initial �ight plan. It is the conservation of passage that establishes the following rule:
If an object is in free space, its center of mass moves in a straight line, at a constant speed, in the
direction of the momentum unless disturbed by external forces such as gravity. If the momentum is
zero, the center of mass is stationary.

9The concept of barycentric decomposition refers to the ability to separate the motion of a system
into a motion of the center of mass and relative motions of the particles around this center.

10As we have already studied, the Galilean group governs the transformations between inertial
frames. An important feature of the Galilean group is the ability to identify a center of mass (or
barycenter) for a system of particles, which behaves simply under these transformations. In special
relativity, the concept of the center of mass is not as simple or universal as in classical mechanics,
because the de�nition of the center of mass depends on the frame of reference.

11In special relativity, what may appear as purely hypothetical movement in one frame can be
observed as a concrete physical movement in another.

12or intrinsic angular momentum
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relative to its motion vector.

Now that we have introduced the main tools, we can show the coadjoint action of
the Poincaré group on its space of moments.

We know that the coadjoint action is the action of a Lie group on the dual vector
space of its Lie algebra.

Thus, by applying the action of the Poincaré group on the dual of its Lie algebra,
i.e., on its space of moments, we obtain the following action from 5.8.1 :

µ′ =

(
L C
0 1

)
×
(
M −P
P T 0

)
×
(
LT 0
CT 1

)
(5.8.13)

µ′ =

(
LMLT − LPCT + CP TLT −LP

P TLT 0

)
(5.8.14)

By identi�cation with 5.8.6, we can deduce that13:

M ′ = LMLT − LPCT + CP TLT and P ′ = LP (5.8.15)

What then is the meaning of the di�erent components of the space of moments14?

µ = {M,P} = {l, g, p, E} (5.8.16)

M is the moment matrix associated with µ and P is the energy-momentum vector.
l is the angular momentum of M , g is the relativistic barycenter of M , p is the linear
momentum of P and E is the energy of P .

In Chapter 5 of [73], J.M. Souriau develops a method of geometric quantization that
leads to the quantization of spin, considered as a geometric attribute15.

s = n
ℏ
2

(5.8.17)

Thus, we obtain a description of particles in their space of moment, with di�erent
spin values.

The mass is de�ned on page 18816 as follows:

m =
√
P T · P signe(E) (5.8.18)

13(13.107) of [73]
14(13.57) of [73]
15(18.82) of [73]
16(14.57) of [73]
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Time and Energy Inversion

The elements of the Lorentz group act on points in spacetime that constitute a move-
ment. By acting an element L of the Lorentz group on a given movement, we obtain
another movement.

As mentioned through expression 5.2.5, the Lorentz group has four connected com-
ponents.

The neutral component Lorn is a subgroup containing the identity matrix that in-
verts neither space nor time.

Consider the 4-component matrix ω made up of two parameters λ1 and λ2:

ω(λ1,λ2) =


λ1 0 0 0
0 λ2 0 0
0 0 λ2 0
0 0 0 λ2

 with

{
λ1 = ±1

λ2 = ±1
(5.8.19)

Thus, the four components of the Lorentz group can be easily expressed using the
four possible combinations of these two parameters applied to its neutral component,
of which an element Ln ∈ Lorn is expressed according to the expression L = ωLn:

ω(1,1) × Ln =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 ∈ Lorn ω(1,−1) × Ln =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 ∈ Lors

ω(−1,1) × Ln =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 ∈ Lort ω(−1,−1) × Ln =


−1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 ∈ Lorst

(5.8.20)
We note that λ1 = −1 inverts time while λ2 = −1 inverts space. The four compo-

nents are grouped into two subsets �orthochronous� and �retrochronous� according to
the respective expressions 5.2.6 and 5.2.7.

The Poincaré group can then be written according to these four connected compo-
nents as follows:

g :=

{(
ωLn C
0 1

)
, ωLn ∈ Lor ∧ C ∈ R1,3

}
(5.8.21)

Thus, the action of this Poincaré group on the spacetime coordinates yields the
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following space of movements:[
ωLn C
0 1

]
×
[
ξ
1

]
=

[
ωLnξ + C

1

]
. (5.8.22)

In fact, this is the action of the Poincaré group on its space of moments µ having
ten independent scalars:

� The energy E

� The momentum p = {px, py, pz}

� The passage f = {fx, fy, fz}

� The spin s = {lx, ly, lz}

The action of the Poincaré group on the dual of its Lie algebra is the coadjoint
action on its space of moments M (passage f and spin s) and the energy-momentum
vector P (energy E and momentum p), which yields:

M ′ = (ωLn)M(ωLn)
T − (ωLn)PCT + CP T (ωLn)

T et P ′ = (ωLn)P (5.8.23)

To highlight the e�ects of the symmetries P , T , and PT on {E, p, f, s}, we will
choose the simplest possible action, where there is no translation in spacetime, so that
the vector C cancels out and Ln = 117:

M ′ = [ω(λ2,λ1)]M [ω(λ2,λ1)]
T et P ′ = [ω(λ2,λ1)]P (5.8.24)

Now, consider for example the symmetry T , where there is only a time inversion
(λ1 = −1), without space inversion (λ2 = 1), in a case where there is also no translation
in spacetime (C = 0). We thus have:

ω(1,−1) × Ln = Lt (5.8.25)

Hence:

Lt × ξ =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

×


x
y
z
t

 =


x
y
z
-t

 . (5.8.26)

Thus, we obtain the action of time inversion in the space of trajectories or in space-
time.

17The matrix ω(λ2,λ1) is here expressed according to a 4D spacetime convention noted {x, y, z, t}
instead of the usual relativity convention {t, x, y, z} that we use elsewhere, in order to align with the
graphical and matrix representations of M and P shown previously.

163



CHAPTER 5. CONTRIBUTION TO COSMOLOGY & PARTICLE PHYSICS

Let's determine the coadjoint action, that is, the action of the group on its space of
moments according to 5.8.10:

M ′ = LtMLT
t =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1




0 −lz ly fx
lz 0 −lx fy
−ly lx 0 fz
−fx −fy −fz 0




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1


(5.8.27)

Hence :

M ′ =


0 −lz ly −fx
lz 0 −lx −fy
−ly lx 0 −fz
fx fy fz 0

 (5.8.28)

On the other hand, we have:

P ′ = LtP =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1




px
py
pz
E

 =


px
py
pz
-E

 (5.8.29)

Thus, we can deduce that the application of the Lt component of the Lorentz group
to the movement of a particle induces an inversion of its energy from E to -E and its
passage from f to -f.

The T symmetry applied to the movement of a particle thus inverts its energy (page
189�193 of [73]).

The same process can be applied to the 4 connected components of the Lorentz
group and we will discover that:

� Symmetry P : the momentum and passage are inverted. The energy and spin
remain unchanged.

� Symmetry T : the energy and passage are inverted. The momentum and spin
remain unchanged.

� Symmetry PT : the momentum and energy are inverted. The passage and spin
remain unchanged.

No transformation changes the spin.
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Restricted Kaluza Group

Let's apply an extension of the Poincaré group to form the following dynamic group:

g :=


 1 0 ϕ

0 L C
0 0 1

 , ϕ ∈ R ∧ L = λLo ∈ Lor ∧ λ = ±1 ∧ C ∈ R1,3

 (5.8.30)

Starting from Minkowski space:

ξ =


t
x
y
z

 =

(
t
r

)
(5.8.31)

Let's introduce Kaluza space18 that incorporates a 5× 5 Gram matrix:

Γ =


1 0 0 0 0
0 −1 0 0 0
0 0 −1 0 0
0 0 0 −1 0
0 0 0 0 −1

 =

(
G 0
0 −1

)
where G =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1


(5.8.32)

In the considered group, we just add a translation ϕ to the �fth dimension ζ. Thus,
the dimension of the group becomes 11 (section 5.5). It is the isometry group of Kaluza
space, de�ned by its metric:

ds2 = dXTΓdX = dt2 − dx2 − dy2 − dz2 − dζ2 (5.8.33)

With :

X =

(
ξ
ζ

)
=


t
x
y
z
ζ

 (5.8.34)

According to Noether's theorem, this new symmetry is accompanied by the invari-
ance of a scalar that we will call q. The torsor of this Kaluza group then incorporates
an additional parameter:

µ = {M,P, q} = {l, g, p, E, q} (5.8.35)

Let's introduce the action of the group on its Lie algebra:

Z ′ = g−1Zg (5.8.36)

18Kaluza space is a hyperbolic Riemannian manifold with signature (+−−−−)

165



CHAPTER 5. CONTRIBUTION TO COSMOLOGY & PARTICLE PHYSICS

However, if we consider an element of the Lie algebra of this group:

Z =

0 0 δϕ
0 Gω γ
0 0 0

 Z ′ =

0 0 δϕ′

0 Gω′ γ′

0 0 0

 (5.8.37)

The inverse matrix of g 19 gives : 1 0 ϕ
0 L C
0 0 1

−1

=

 1 0 −ϕ
0 L−1 −L−1C
0 0 1

 (5.8.38)

And : 0 0 δϕ
0 Gω γ
0 0 0

 1 0 ϕ
0 L C
0 0 1

 =

 0 0 δϕ
0 GωL GωC + γ
0 0 0

 (5.8.39)

We can then calculate 5.8.36 as follows:

Z ′ =

 1 0 −ϕ
0 L−1 −L−1C
0 0 1

 0 0 δϕ
0 Gω γ
0 0 0

 1 0 ϕ
0 L C
0 0 1

 (5.8.40)

Hence :

Z ′ =

 1 0 −ϕ
0 L−1 −L−1C
0 0 1

 0 0 δϕ
0 GωL GωC + γ
0 0 0

 =

 0 0 δϕ
0 L−1GωL L−1GωC + L−1γ
0 0 0


(5.8.41)

Then :

Z ′ =

0 0 δϕ′

0 Gω′ γ′

0 0 0

 =

 0 0 δϕ
0 L−1GωL L−1GωC + L−1γ
0 0 0

 (5.8.42)

Thus, by identi�cation, we can deduce :

1

2
Tr(M · ω) + P T ·Gγ + qδϕ =

1

2
Tr(M

′ · ω′) + P ′T ·Gγ′ + q′δϕ′ (5.8.43)

19For example, to �nd the inverse of a 2× 2 matrix, we use the following formula when the matrix
is of the form: (

a b
c d

)
The inverse is :

1

ad− bc

(
d −b
−c a

)
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This allows us to deduce the action of the following group:

q′ = q (5.8.44)

M ′ = LMLT − LPCT + CP TLT (5.8.45)

P ′ = LP (5.8.46)

If we identify q as the electric charge, this would show that the motion of a massive
particle in a �ve-dimensional space would transform it into an electrically charged
particle.

Restricted Janus Group

Consider the following dynamic group:

g :=


 µ 0 ϕ

0 L C
0 0 1

 , µ = ±1 ∧ ϕ ∈ R ∧ L = λLo ∈ Lor ∧ λ = ±1 ∧ C ∈ R1,3


(5.8.47)

The action of the group on the coordinates of the 5-dimensional spacetime de�ned
by 5.8.34 yields the space of the following motions: µ 0 ϕ

0 L C
0 0 1

 ζ
ξ
1

 =

 µζ + ϕ
Lξ + C

1

 (5.8.48)

A similar calculation to the previous one yields the action of the group:

q′ = µq (5.8.49)

M ′ = LMLT − LPCT + CP TLT (5.8.50)

P ′ = LP (5.8.51)

This group acts on the �ve-dimensional Kaluza space. We observe that µ = −1
reverses the �fth dimension ζ and the scalar q.

Through a dynamic interpretation of the group, we �nd the idea suggested by J.M.
Souriau [73]: the inversion of the �fth dimension is associated with the inversion of
electric charge. However, this is only one of the quantum charges.

Indeed, the C-Symmetry translating the "Matter-Antimatter" symmetry introduced
by Dirac, reverses all quantum charges. This inversion operation is only obtained by
adding as many compacti�ed dimensions as there are quantum charges. The action
of the group on the coordinates of n-dimensional spacetime yields the space of the
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following motions:

µ 0 0 · · · 0 ϕ1

0 µ 0 · · · 0 ϕ2

0 0
. . . · · · 0

...
...

... · · · µ 0 ϕp

0 0 · · · 0 L C
0 0 · · · 0 0 1





ζ1

ζ2

...
ζp

ξ
1


=



µζ1 + ϕ1

µζ2 + ϕ2

...
µζp + ϕp

Lξ + C
1


(5.8.52)

The torsor of this group incorporates several additional scalars qp:

µ = {M,P,

p∑
1

qi} = {l, g, p, E, q1, q2, . . . , qp} (5.8.53)

This allows us to obtain the action of the group on its momentum space:

q′
1
= µq1 (5.8.54)

q′
1
= µq1 (5.8.55)

. . . (5.8.56)

q′
p
= µqp (5.8.57)

M ′ = LMLT − LPCT + CP TLT (5.8.58)

P ′ = LP (5.8.59)

Moreover, Souriau considers that electric charge can be geometrically quantized into
discrete values (+e, 0,−e) when the associated �fth dimension is closed.

Imagine representing motion in Minkowski space along a simple straight line oriented
in time. At each point, we add a closed dimension, which extends Minkowski space into
a bundle. In the didactic �gure 5.1, it is represented as a cylinder.
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Figure 5.1: Inversion of the winding direction of a particle's motion re�ecting the
symmetry C

Janus Dynamic Group

As studied in section 5.6, if we introduce a new symmetry to the previous group,
which we can call PT Symmetry allowing the conversion of matter into antimatter with
negative mass20, we thus combine C Symmetry and PT to form the Janus Dynamic
Group21 as follows:

g :=


 λµ 0 ϕ

0 λLo C
0 0 1

 , λ, µ ∈ {−1, 1} ∧ ϕ ∈ R ∧ Lo ∈ Loro ∧ C ∈ R1,3

 (5.8.60)

We can consider that particles of matter and antimatter can coexist in the same
space sheet. However, no coexistence is possible for the motion of particles deduced by
T -symmetry (or PT -symmetry).

This space is of dimension 4 + p (for p quantum charges).

We will therefore consider the two-sheet covering of this manifold Mn+p.

20A concept we could call antimatter in the sense of Feynman
21Whose general form is given by 5.6.1
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In each of these two sheets, there remains a possibility to perform the symmetry
corresponding to µ = −1, that is, the inversion of all quantum charges.

In other words, the "Matter-Antimatter" duality exists in both sheets.

To understand the nature of the di�erent components of these sheets, we will con-
sider the motion of a particle of matter with energy and mass:

� By acting on this motion with elements of the group corresponding to (λ = 1;µ =
1), we will obtain other motions of particles of matter with positive mass and en-
ergy.

� By acting on this motion with elements of the group corresponding to (λ = 1;µ =
−1), we will obtain other motions of antimatter particles with positive mass and
energy22.

� By acting on this motion with elements of the group corresponding to (λ =
−1;µ = 1), we will obtain other motions of particles of matter with negative
mass and energy.

� By acting on this motion with elements of the group corresponding to (λ =
−1;µ = −1), we will obtain other motions of antimatter particles with negative
mass and energy23.

Its isometry group is that of Janus space, de�ned by the same metric as structuring
Kaluza space 5.8.33, and its dimension is 1124. The torsor of the group is also the same
as 5.8.35.

However, if we consider an element of the Lie algebra of this group:

Z =

0 0 δϕ
0 λGω γ
0 0 1

 (5.8.61)

22These are "antimatter in the sense of Dirac" (C-symmetry).
23These are "antimatter in the sense of Feynman" (PT -symmetry).
2410 + 1 dimension associated with the �fth space dimension ζ that J.M. Souriau identi�es with the

electric charge q.
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The inverse matrix of g (5.8.60) yields: λµ 0 ϕ
0 λLo C
0 0 1

−1

=

 λµ 0 −λµϕ
0 λL−1

o −λL−1
o C

0 0 1

 (5.8.62)

And : 0 0 δϕ
0 λGω γ
0 0 0

 λµ 0 ϕ
0 λLo C
0 0 1

 =

 0 0 δϕ
0 λ2GωLo λGωC + γ
0 0 0

 (5.8.63)

We can then calculate 5.8.36 as follows:

Z ′ =

 λµ 0 −λµϕ
0 λL−1

o −λL−1
o C

0 0 1

 0 0 δϕ
0 λ2GωLo λGωC + γ
0 0 0

 (5.8.64)

Hence :

Z ′ =

0 0 δϕ′

0 λGω′ γ′

0 0 1

 =

 0 0 (λµ)δϕ
0 λ3L−1

o GωLo λ2L−1
o GωC + λL−1

o γ
0 0 0

 (5.8.65)

Thus, by identi�cation, we can deduce:

δϕ′ = λµδϕ (5.8.66)

ω′ = λ2GL−1
o GωLo (5.8.67)

γ′ = λ2L−1
o GωC + λL−1

o γ (5.8.68)

(5.8.69)

However :

L−1
o = GLT

o G (5.8.70)

Then25 :
δϕ′ = λµδϕ

ω′ = λ2LT
o ωLo

γ′ = λ2GLT
o ωC + λGLT

o Gγ

(5.8.71)

However, inspired by J.M. Souriau, we could add as many additional closed dimen-
sions as quantum charges and write the dynamic group as follows:

λµ 0 0 · · · 0 ϕ1

0 λµ 0 · · · 0 ϕ2

0 0
. . . · · · 0

...
...

... · · · λµ 0 ϕp

0 0 · · · 0 λLo C
0 0 · · · 0 0 1


(5.8.72)

25GG=I (Identity matrix)
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The isometry group of this space can be de�ned by the following metric:

ds2 = (dt)2 − (dx)2 − (dy)2 − (dz)2 − (dζ1)2 − (dζ2)2 − . . .− (dζp)2 (5.8.73)

With :

X =

(
ξ
ζ

)
=



t
x
y
z
ζ1

ζ2

...
ζp


(5.8.74)

The action of this Janus group on the coordinates of 10 + p dimensional spacetime
then yields the space of the following motions:

λµ 0 0 · · · 0 ϕ1

0 λµ 0 · · · 0 ϕ2

0 0
. . . · · · 0

...
...

... · · · λµ 0 ϕp

0 0 · · · 0 λLo C
0 0 · · · 0 0 1





ζ1

ζ2

...
ζp

ξ
1


=



λµζ1 + ϕ1

λµζ2 + ϕ2

...
λµζp + ϕp

λLoξ + C
1


(5.8.75)

According to Noether's theorem, this new symmetry is accompanied by the in-
variance of additional scalars qp. Therefore, the torsor of the group integrates them
according to this relation:

µ = {M,P,

p∑
1

qi} = {l, g, p, E, q1, q2, . . . , qp} (5.8.76)

Thus, the duality relation26 gives us:

1

2
Tr(M · ω) + P T ·Gγ + δϕ

p∑
1

qi =
1

2
Tr(M

′ · ω′) + P ′T ·Gγ′ + δϕ

p∑
1

q′
i (5.8.77)

This allows us to deduce the action of the group by identi�cation with 5.8.71:
p∑
1

q′
i
= λµ

p∑
1

qi (5.8.78)

M ′ = LMLT − LPCT + CP TLT (5.8.79)

P ′ = LP (5.8.80)

26(13.58) from [73]

172



Chapter 6

Alternative Interpretation of the
Wormhole Model Coupled with a
White Fountain as a One-Way

Membrane

The study of the exterior metric developed by K. Schwarzschild in 1916, as a solution to
Einstein's equation in vacuum, reveals the introduction of a hypothesis : the invariance
by time symmetry of t → −t, commonly called "staticity". This hypothesis, lacking
a proven physical basis at the time, led to the elimination of a cross term drdt in the
metric. Thus, an arbitrary choice of coordinates was made, speci�cally marked by the
absence of this cross term drdt. This study aims to explore the physical possibilities
of a new approach based on the introduction of a drdt cross term in the metric and
to highlight the possibility of building a model of a Wormhole coupled with a White
Fountain as a One-Way Membrane, connecting two semi-Riemannian PT-symmetric
spaces through a "bridge" that can be crossed only in one direction.

6.1 Solutions of Einstein's Equation Re�ecting Di�er-

ent Topologies

In 1916, Karl Schwarzschild successively published two papers ([70],[69]). The �rst one
presented the construction of the solution to Einstein's equation in vacuum, based on
the following assumptions:

� Stationarity : Independence of the metric terms with respect to the time coordi-
nate1.

� Isotropy and spherical symmetry2.
1Invariance by time translation.
2Invariance by SO(3).
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COUPLED WITH A WHITE FOUNTAIN AS A ONE-WAY MEMBRANE

� Absence of the drdt cross term.

� Lorentzian at in�nity.

He rapidly completed this solution, called the exterior Schwarzschild metric, with an
interior metric [69] describing the geometry inside a sphere �lled with a �uid of constant
density ρo and solution to Einstein's equation with a second member. The conditions
for connecting the two metrics (Continuity of geodesics) were ensured. The phenomena
of the advance of Mercury's perihelion and gravitational lensing con�rm this solution
(Figure 3.4). K. Schwarzschild worked to ensure that the conditions governing these
two metrics were in accordance with physical reality.

As an example, in the present day, neutron stars, owing to their staggering density
and formidable mass, stand as natural cosmic laboratories, probing realms of density
and gravity unreachable within terrestrial laboratories. Let us consider two distinct
ways through which a neutron star might reach a state of physical criticality.

In a scenario where the star's density, ρo, remains constant, a characteristic radius
r̂ can be de�ned. Then, a physical criticality is reached when the star's radius is :

Rcrϕ
=

√
8

9
r̂ =

√
c2

3πGρo
(6.1.1)

with

r̂ =

√
3c2

8πGρo
(6.1.2)

Thus,

� For the exterior metric, it was necessary that the radius of the star be less than
r̂.

� As for the interior metric, the radius of the star had to be less than Rcrϕ
because

a larger radius leads the pressure to rise to in�nity at the center of the star.

Next, for massive stars, an imploding iron sphere can present a complex scenario.
Assuming the sphere's mass M is conserved during implosion, we must consider two
important critical radius :

� In the core part, the geometric criticality radius is given by the Schwarzschild
Radius which is:

Rcrγ = Rs = 2
GM

c2
(6.1.3)

� Outside of this mass, the physical critical radius is given by 6.1.1
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With mass conservation expressed as M = 4
3
πR3ρo, we can explore how the variable

density ρo during implosion impacts these critical radius.

Indeed, if physical criticality is reached during implosion, we have R = Rcrϕ
.

Then, substituting the mass conservation equation into 6.1.1, we get :

R = Rcrϕ
= 2.25

GM

c2
> Rcrγ (6.1.4)

We can deduce that if the physical criticality is reached for a mass M , then it occurs
before geometric criticality appears.

K. Schwarzschild also emphasized that the measurements pertained to conditions
far exceeding what was understood within the framework of the astrophysical reality of
his time.

It is also important to note that the topology of this geometric solution is built by
connecting two bounded manifolds along their common boundary, a sphere S2 with an
area of 4πR2

o (Ro is the radius of the star).

In 1916, Ludwig Flamm considered the external solution as describing potentially
a geometric object. The concern was then an attempt to describe masses as a non-
contractible region of space ([28]).

In 1934, Richard Tolman was the �rst to consider a possible handling of the most
general metric solution introducing a cross term drdt. However, for the sake of simpli-
�cation, he immediately eliminated it using a simple change of variable ([77]).

In 1935, Einstein and Rosen proposed, within the framework of a geometric modeling
of particles, a non-contractible geometric structure, through the following coordinate
change ([24]):

u2 = r − 2m (6.1.5)

The metric solution then becomes:

ds2 =
u2

u2 + 2m
dt2 − 4u2(u2 + 2m)du2 − (u2 + 2m)2(dθ2 + sin2 θdϕ2) (6.1.6)

The authors thus obtain a non-contractible geometric structure, termed a "space
bridge", where a closed surface of area 4πα2, corresponding to the value u = 0, con-
nects two "sheets" : one corresponding to the values of u from 0 to +∞ and the other
from −∞ to 0. It is noteworthy that this metric is not Lorentzian at in�nity. Although
this metric, expressed in this new coordinate system, is regular, the authors point out
that at the throat surface, its determinant becomes zero. In this geometric structure,
two bounded semi-Riemannian sheets are distinguished, the �rst corresponding to u > 0
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and the second to u < 0. It corresponds to their joining along their common boundary.
The overall spacetime does not �t within the standard framework of semi-Riemannian
geometry since it does not ful�ll the requirement det(gµν) ̸= 0 at the throat. As pointed
out in [75], it does �t within the more general framework of singular semi-Riemannian
geometry, which allows for degenerate metric tensors.

In 1939, Oppenheimer and Snyder, capitalizing on the complete decoupling between
proper time and the time experienced by a distant observer, in the absence of a cross
term in drdt, suggested using the external metric solution to describe the "freeze frame"
of the implosion of a massive star at the end of its life. By considering that the variable
t is identi�ed with the proper time of a distant observer, it creates this "freeze frame"
pattern such as a collapse phenomenon whose duration, in proper time, measured in
days, seems for a distant observer to unfold in in�nite time ([45]). This paper was
considered as the foundation of the black hole model.

In 1960, Kruskal extended the geometric solution to encompass a contractible space-
time, organized around a central singularity corresponding to r = 0. The geodesics are
extended for r < α. The black hole model (with spherical symmetry3) then takes its
de�nitive form as the implosion of a mass, in a brief moment, perceived as a "freeze-
frame" by a distant observer ([38]). The Schwarzschild sphere is then termed the "event
horizon".

In 1988, M. Morris and K. S. Thorne revisited this geometric interpretation by
abandoning contractibility, not to attempt to obtain a geometric modeling of the solu-
tion, but to study the possibility of interstellar travel, through "wormholes", using the
following metric ([42]):

ds2 = −c2dt2 + dl2 + (b2o + l2)(dθ2 + sin2 θdϕ2) (6.1.7)

By focusing their study on the feasibility of interstellar travel, the authors highlight
the enormous constraints associated with such geometry as well as its unstable and
transient nature.

6.2 The Hypothesis of Staticity : Absence of the drdt

Cross Term

The concept of "staticity" in general relativity refers to a stationary metric, that is,
invariant under time translation from t�+t "time-independent" and static, meaning
invariant under "time re�ection" symmetry from t�-t, naturally leading to the absence

3In 1963, Roy Kerr constructed the stationary axisymmetric solution to Einstein's equation in
vacuum. However, in this study, we limit ourselves to the interpretations of the stationary solution
with spherical symmetry (2.3.10).
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of the cross term drdt. Indeed, when a metric has a cross term drdt, it means there
is a mixed dependence between spatial and time coordinates. This mixed dependence
breaks the invariance by time re�ection symmetry, as the metric does not remain the
same under the transformation t�-t. R. Wald mentions in 1984 this particularity in
his book "General Relativity" on page 120 [79].

We can also note that on page 186 of [1], the requirement of time re�ection symmetry
for a dx0 line that can be traced "backward" to −dx0 (referred to as "staticity") is set
as an initial hypothesis.

Indeed, the notion of staticity in the sense of R. Wald refers to an invariance by
time re�ection symmetry of t → −t, which is a purely mathematical hypothesis without
physical meaning. However, our study o�ers a di�erent approach from this hypothesis.

6.3 Construction of a Lorentzian Geometric Solution

at In�nity with Two Sheets

Let us consider the exterior Schwarzschild metric in its classical form under the signature
(+−−−) :

ds2 =
(
1− α

r

)
c2dt2 −

(
1− α

r

)−1

dr2 − r2(dθ2 + sin2 θdφ2) (6.3.1)

6.3.1 T-Symmetry

This metric built in 1916 ([70]), as a solution to Einstein's equation in vacuum, was
endowed with an additional hypothesis, which its author did not mention, that of in-
variance by time symmetry. It is important to note that this hypothesis has no physical
basis and results in the elimination of a cross term drdt in the metric, as Tolman had
envisaged as early as 1934 (Page 239 of [77]).

Conversely, A. Eddington introduced it with the aim of eliminating the coordinate
singularity at the Schwarzschild surface in r = α, using the variable change ([23],[37]):

t+E = t+
α

c
ln
∣∣∣ r
α
− 1
∣∣∣ (6.3.2)

The metric becomes:

ds2 =
(
1− α

r

)
c2dt+E

2 −
(
1 +

α

r

)
dr2 − 2αc

r
drdt+E − r2

(
dθ2 + sin2 θdφ2

)
(6.3.3)

We know that under these conditions, from the point of view of a distant observer,
the free fall time is �nite 6.3.2, whereas the escape time remains in�nite. The metric for
which the escape time is �nite will be obtained by performing this change of variable:

t−E = −t− α

c
ln
∣∣∣ r
α
− 1
∣∣∣ (6.3.4)
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Thus, the metric becomes:

ds2 =
(
1− α

r

)
c2dt−E

2 −
(
1 +

α

r

)
dr2 +

2αc

r
drdt−E − r2

(
dθ2 + sin2 θdφ2

)
(6.3.5)

This is equivalent to inverting the time coordinate in 6.3.3. Thus, this choice of
associating two metrics describing two semi-Riemannian spaces leads us to consider a
global geometric solution of two T-symmetric sheets connected by a "bridge" in this
particular coordinate system as well as in the coordinate system of Einstein and Rosen
([24]).

Now, let us demonstrate that these transformations are also accompanied by a P-
symmetry.

6.3.2 P-Symmetry

In this representation, the radial geodesics of the �rst sheet are orthogonal to the tangent
plane at the "space bridge" when they reach it. These same geodesics, emerging in the
second sheet, are also orthogonal to this same tangent plane. Let's now consider four
points forming a tetrahedron, which converge towards the "space bridge" along radial
trajectories. We can set a 3D orientation by de�ning a direction of traversal of the
points on each of the equilateral triangles forming the tetrahedron. With respect to the
coordinate r, it seems as if these points bounce o� a rigid surface, leading to an inversion
of the orientation of the tetrahedron. The upstream and downstream tetrahedra then
become enantiomorphic (Figure 6.1).

Figure 6.1: Inversion of space when crossing the "space bridge"

The change of orientation is already visible in the simpli�ed 2-dimensional represen-
tation of a wormhole in Figure 6.2. Let us look at this �gure from above, and imagine
a triangle gliding on the surface of the top sheet toward the throat. After crossing
the throat, the triangle starts gliding on the bottom sheet and we now see it upside
now from our position above the top sheet. From our point of view, its orientation has
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therefore changed. The physical meaning of this change of orientation will be discussed
in Section 6.3.3.

Figure 6.2: Page 396 of the article by M. Morris and K.S. Thorne (1988)

The geometric structure of the pair of metrics 6.1.6 and 6.3.1 thus represents a
"bridge" connecting two PT-symmetric semi-Riemannian spaces.

The element of this 2D-surface is then given by:√
| det(gµν)| =

√
|gθθgϕϕ| = α2 sin(θ) (6.3.6)

As this metric describes a 2D-surface sphere (like a sphere of constant radius in a
4D spacetime), then the di�erential area element is given by :

dA =
√
| det(gµν)|dθdϕ = α2 sin(θ)dθdϕ (6.3.7)

To �nd the minimal area of this "space bridge", we must integrate this area element
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over all possible angles :

A =

∫ 2π

0

∫ π

0

α2 sin(θ)dθdϕ = 4πα2 (6.3.8)

It's therefore non-contractible with a minimal area of 4πα2.

6.3.3 Identi�cation of the Two Sheets

In Section 6.3.2 we have described the change of orientation of a tetrahedron crossing the
wormhole throat in Figure 6.1, and of a triangle crossing the throat in Figure 6.2. The
change of orientation of the triangle is only visible for a person looking at Figure 6.2 in
its entirety. Therefore, it does not correspond to any physically observable phenomenon
since any physical observer must be located on one of the two sheets and cannot see
directly the other sheet. The situation is the same in Figure 6.1 : The middle picture
represents the situation from a point of view where we could look simultaneously at
the two sides of the wormhole (B and C have not reached the throat yet, while A has
already crossed it and emerges on the other side). This is again impossible for a physical
observer: it seems that the P-symmetry as described so far does not correspond to any
physically observable phenomenon. We can however give it a real physical meaning
with an additional ingredient introduced by Einstein and Rosen [24].

Recall that their motivation was not to investigate interstellar travel as in Figure 6.2,
but to describe elementary particles by solutions to the equations of general relativity.
Quoting from the abstract of their paper: "These solutions involve the mathematical
representation of physical space by a space of two identical sheets, a particle being rep-
resented by a "bridge" connecting these sheets." Einstein and Rosen also suggest that
the multi-particle problem might be studied by similar methods, but this work is not
carried out in their paper.

Quoting again from [24] : "If several particles are present, this case corresponds to
�nding a solution without singularities of the modi�ed Eqs. (3a), the solution represent-
ing a space with two congruent sheets connected by several discrete "bridges."" From
their point of view, two points in the mathematical representation 6.1.6 with identical
values of θ, ϕ but opposite values of u therefore correspond to two points in physical
space with the same value of r (r = u2+m). If we make the same identi�cation of points
with opposite values of u, the situation represented in the middle picture of Figure 6.1
can be seen by a physical observer. The P-symmetry described in Section 6.3.2 now
has a real physical meaning. We will elaborate on the interpretation of the combined
PT-symmetry in the next section.

6.4 Another Representation of this Geometry

By performing the following change of variable to 6.3.3 and 6.3.5 :

r = α (1 + Log ch(ρ)) (6.4.1)
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We obtain the following two metrics:

ds2 =

(
log cosh(ρ)

1 + log cosh(ρ)

)
c2dt+E

2 −
(
2 + log cosh(ρ)
1 + log cosh(ρ)

)
α2 tanh2(ρ)dρ2

− 2cα

(
tanh(ρ)

1 + log cosh(ρ)

)
dρdt+E − α2(1 + log cosh(ρ))2(dθ2 + sin2 θdφ2)

(6.4.2)

ds2 =

(
log cosh(ρ)

1 + log cosh(ρ)

)
c2dt−E

2 −
(
2 + log cosh(ρ)
1 + log cosh(ρ)

)
α2 tanh2(ρ)dρ2

+ 2cα

(
tanh(ρ)

1 + log cosh(ρ)

)
dρdt−E − α2(1 + log cosh(ρ))2(dθ2 + sin2 θdφ2)

(6.4.3)

Therefore, to obtain the metric that structures the second sheet for ρ < 0 in order
to ensure the continuity of the geodesics translating the transit of matter through the
"bridge" with a �nite escape time on this sheet, we must apply the T-symmetry where
the time coordinate is reversed upon crossing4.

Those metrics, which are Lorentzian at in�nity, structures two sheets corresponding
to ρ varying respectively from 0 to +∞ and −∞ to 0. On the "space bridge" for ρ = 0,
the components gtt and gρρ of the metric tensor disappear, leaving only the last two
spatial components gθθ and gϕϕ, which are:

gµν =


0 0 0 0
0 0 0 0
0 0 −α2 0
0 0 0 −α2 sin2 θ

 (6.4.4)

On this particular coordinate system, we can infer that its determinant is zero. The
P-symmetry arises from the fact that adjacent points, this time explicitly di�erentiated,
are inferred by ρ → −ρ. This transformation plays the same role as u → −u in 6.1.6.

By associating these metric solutions under these two conditions, we would obtain
a Wormhole and a White Fountain as a One-Way Membrane, connecting two semi-
Riemannian spaces through a "bridge" that can be crossed only in one direction. Let
us assume further that the wormhole does not lead to another universe as in Fig-
ure 6.2.a, or to a distant point in the same universe as in Figure 6.2.b; but that the
two congruent sheets correspond to the same points in the physical universe through
the transformation u → −u (or ρ → −ρ), as suggested in [24] and in Section 6.3.3. We
can then conclude that the two sheets are PT-symmetric.

In the literature, the inversion of the time coordinate has been analyzed in various
ways. In particular:

4t+E = −t−E
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(i) According to the theory of dynamic groups by J-M Souriau ([71], [73]), where it
has been demonstrated to induce an energy inversion. Consequently, time reversal
transforms every motion of a particle of mass m into a motion of a particle of
mass −m ([44], page 191). On page 192 of the same book, the author o�ers an
alternative analysis which avoids negative masses. Souriau points out that these
alternatives should be judged according to their ability to explain experiments.

(ii) Feynman has o�ered an interpretation of antimatter as ordinary matter traveling
backward in time.

(iii) It is known from theoretical analysis (the CPT theorem) and from experiments
that elementary particles obey physical laws that are invariant under CPT-symmetry.

The PT-symmetry uncovered in Section 6.3 can be viewed as a CPT-symmetry followed
by a C-symmetry (inversion of electric charge). We would therefore obtain antimatter on
the second sheet. If the second sheet already contains ordinary matter, it could interact
with the antimatter coming from the �rst sheet and this would constitute a source of
energy, whose applications can be multiple, both ecologically, through the recycling
of radioactive waste for example, and in the energy or military sectors by producing
energy by converting 100% of the mass of interacting particles and antiparticles5.

6.5 Conclusion

We introduce a new geometric construction based on the stationary solution with spher-
ical symmetry of Einstein's equation in vacuum, by limiting ourselves to the two only
hypotheses, inspired by physics : isotropy (invariance by SO(3)) and stationarity (in-
variance by time translation). In doing so, we do not add, as has been done previously
without any real physical justi�cation, the invariance by "time re�ection" symmetry
from t → −t ("static" solution). This new set of less restrictive assumptions introduces
the presence of a cross term drdt, which the staticity assumption had previously pro-
hibited. This new geometric object behaves as a "One-Way Membrane", an union of a
wormhole and a white fountain through a "bridge". With a Lorentzian metric at in�n-
ity, this structure connects two PT-symmetric enantiomorphic semi-Riemannian spaces
with opposing time arrows. Therefore, this object corresponds to the two-sheets cover-
ing of a four-dimensional spacetime, presenting themselves as PT-symmetric, connected

5For instance, in the military sector, to quantify the di�erence between conventional nuclear
weapons and �antimatter weapons,� consider that in nuclear weapons, only a small fraction of the
mass is converted into energy. For example, in the bomb dropped on Hiroshima, less than one gram
of matter was actually converted into energy to produce the explosion. In contrast, in a matter-
antimatter reaction, if 1 gram of matter meets 1 gram of antimatter, the entirety of this mass (i.e.,
2 grams) is converted into energy, following the relation 2.2.3, thus releasing a considerably larger
amount of energy. To put this into perspective, 1 gram of matter in contact with 1 gram of antimatter
would release about 1.8 × 1014 joules of energy, which is comparable to the energy released by about
43 kilotons of TNT. For comparison, the atomic bomb dropped on Hiroshima had a yield of about 15
kilotons of TNT.
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along a "bridge". Taking our inspiration from Einstein and Rosen, we have suggested
to represent a point in physical space by a pair of congruent points, one on each of
the two sheets. We have shown that this identi�cation of congruent points should lead
to observable physical e�ects when an object crosses the space bridge between the two
sheets.

6.6 Application Domains

Civil Application

The application of matter-to-antimatter conversion in the �eld of ecology would o�er an
innovative solution for the recycling of radioactive waste. It would be conceivable to re-
verse the mass of radioactive matter particles with positive mass into antiparticles with
negative mass through the application of PT symmetry. This revolutionary approach
would allow the transformation of radioactive waste into a clean6 and abundant source
of energy, thus proposing a doubly bene�cial solution: reducing radioactive pollution
and producing sustainable energy.

Nathalie Debergh has opened this �eld of research in relativistic quantum mechan-
ics, notably through the publication [21], which explores the emergence of negative
energy states by showing that anti-fermions7 with positive energy and mass can be
transformed into anti-fermions with negative energy and mass by the linear and uni-
tary application of the two inversion operators T and P to the Dirac equation. She
was able to demonstrate that this application preserves the norm of the quantum state,
which is an essential property for physical transformations. This unitary approach has
thus allowed for the exploration of solutions to the Dirac equation that include negative
energies and masses in a manner consistent with the fundamental principles of quantum
�eld theory.

6Without neutron emission.
7Fermions are subatomic particles, meaning they are fundamental constituents of matter, smaller

than atoms. They follow a unique principle known as the Pauli Exclusion Principle, which states that
two fermions cannot occupy the same quantum state simultaneously. In other words, each fermion in
a system must be unique in terms of its quantum properties, such as its position, momentum, and
spin orientation. This rule is what allows atoms to form and structure themselves in complex ways,
leading to the vast diversity of matter in the universe. Fermions are also described by a statistical rule
known as Fermi-Dirac statistics, which predicts how they behave in groups at di�erent temperatures.
This statistic helps to understand why matter behaves di�erently at the quantum scale compared to
our macroscopic daily experience. Among the fermions, we �nd quarks and leptons. Quarks combine
to form protons and neutrons, which make up the nuclei of atoms. Leptons include electrons, which
orbit around the atomic nucleus, as well as neutrinos, very light and weakly interacting elementary
particles. Together, quarks and leptons form ordinary matter.
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Military Application

The manipulation of matter antiparticles with positive mass in interaction with matter
particles of the same mass type through the application of C symmetry could present
signi�cant military interest. The energy released by matter-antimatter annihilation is
described by Einstein's equation 2.2.3, illustrating the conversion of mass m into energy
E. This principle reveals that a small amount of matter can transform into a huge
amount of energy. During annihilation, the entire mass of the particles and antiparticles
converts into energy, primarily in the form of gamma radiation. Consequently, the
military application of this technology paves the way for the development of antimatter
weapons of unmatched power, far surpassing the destructive capabilities of conventional
nuclear weapons, while raising signi�cant ethical and security questions.

Ethical and Security Considerations

The safe manipulation and storage of antimatter pose major challenges for its use in
both civilian and military contexts. The risks of accidents and the moral implications
of exploiting this technology, especially in a military context, would require the es-
tablishment of strict safety protocols and thorough re�ection on the implications for
international law and disarmament agreements.

6.7 Appendix

Now, let us consider the case of matter transfer to a second layer of the universe,
wherein we are free to de�ne the outgoing metric of the second sheet. By applying
the new variable change 6.7.1 to the Schwarzschild metric 6.3.1, struck with the sign
change of the integration constant α → −α, we can thus build a "repulsive" metric on
the second sheet:

t+E = t+
α

c
ln
∣∣∣ r
α
+ 1
∣∣∣ (6.7.1)

It ensures the continuity of the geodesics from the �rst sheet to the second with a
�nite free-fall time on the �rst and a �nite escape time on the second.

The incoming metric structuring the �rst sheet becomes:

ds2 =
(
1 +

α

r

)
c2dt+E

2 −
(
1− α

r

)
dr2 − 2αc

r
drdt+E − r2(dθ2 + sin2 θdφ2) (6.7.2)

And the outgoing metric structuring the second sheet becomes:

ds2 =
(
1 +

α

r

)
c2dt−E

2 −
(
1− α

r

)
dr2 +

2αc

r
drdt−E − r2(dθ2 + sin2 θdφ2) (6.7.3)

Taking the general form:

ds2 =
(
1 +

α

r

)
c2dt2E −

(
1− α

r

)
dr2 + δ

2αc

r
drdtE − r2(dθ2 + sin2 θdϕ2) (6.7.4)
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where δ = −1 for the metric structuring the �rst sheet and δ = +1 for the outgoing
metric structuring the second sheet. Thus, as the two metrics are symmetric by time
inversion t → −t, the continuity of the geodesics is assured from one sheet to the other
with a �nite free-fall time on the �rst and a �nite escape time on the second.

This implies that regular matter could potentially be converted into antimatter with
negative mass, which would then be transferred to a separate layer of the universe. This
process essentially involves the transformation of matter into antimatter with negative
mass. By combining this geometric solution with the previously developed solution in
Section 6.3, we can explore the feasibility of interstellar travel by exploiting the metric
properties of this second layer.
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Chapter 7

Topological Nature of the Model

7.1 De�nition

Topology in cosmology refers to the study of the fundamental spatial properties of
the universe that remain invariant under continuous transformations. Unlike geometry,
which focuses on precise distances and angles, topology is more concerned with how
space is connected and structured on a large scale. It examines aspects such as connec-
tivity, continuity, and the boundaries of cosmic space, irrespective of its exact shape
and size.

In a cosmological context, topology helps to understand the overall structure of the
universe, including questions such as whether the universe is �nite or in�nite, whether
it has "edges" or is limitless, and whether it could be connected in non-trivial ways
(as in multi-connected universe models). This includes examining the large-scale shape
and structure of the universe, as determined by the distribution of galaxies, cosmic
background radiations, and other astrophysical observations.

Topology is particularly relevant for advanced cosmological models, like the Janus
Cosmological Model, as it provides a framework to explore concepts such as the multi-
layered universe, connectivity between di�erent regions of space-time, and other non-
intuitive properties that may arise from advanced theoretical physics.

In summary, topology in cosmology is a powerful tool for exploring and understand-
ing the fundamental structure and nature of our universe, beyond the constraints of
classical geometry.

Before proceeding with this chapter, it is crucial to read and fully grasp the comic
book Topologicon [49], written by Dr. Jean-Pierre Petit, which is freely accessible
through this website http://www.savoir-sans-frontieres.com/. This work popu-
larizes concepts of topology in connection with cosmology and general relativity. In-
deed, this chapter primarily deals with conceptual tools that are quite counterintuitive.
Therefore, a prior reading of this comic book is highly recommended for better under-
standing.
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7.2 Model of the Wormhole

Extending the new interpretation of the wormhole model discussed in the previous chap-
ter 6, we propose a deeper topological perspective in relation with general relativity.
For example, let's consider the throat sphere S2 that connects two layers of spacetime
through PT-symmetry. Could this con�guration be analogous to a projective plane?
In topology, a projective plane is a non-orientable surface with unique properties, such
as lines that diverge at one point but rejoin on the opposite side. This suggests that
the connection between spacetime layers through the wormhole's throat might defy the
traditional orientation of space, thus evoking the projective plane.

Our conjecture is based on the observation that the nullity of the metric determi-
nant on this surface would indicate a non-orientable nature in 2D. If this throat sphere
is closed and has a limited surface area, it could be identi�ed with a projective plane
P 2. Although this idea may seem counterintuitive, it arises directly from the topology
of the object as described by Schwarzschild exterior solution 2.3.117.

In the context of general relativity, the concept of elementary volume in curved
spacetime is crucial. The elementary volume in n dimensions, de�ned by a Rieman-
nian metric, is given by dV =

√
|det(g)| dnx, where g is the metric tensor and det(g)

its determinant. This elementary volume is not simply the product of coordinate dif-
ferentials, as in Euclidean space, but is instead modi�ed by the curved structure of
spacetime. The factor

√
|det(g)| re�ects how spacetime is deformed by the presence

of mass and energy, according to Einstein's equations. Thus, in regions of strong cur-
vature, this elementary volume can behave in non-intuitive ways, revealing fascinating
and sometimes surprising topological characteristics of spacetime.

Let's revisit the sphere S2, whose metric is de�ned by the expression:

ds2 = α2(dθ2 + sin2 θdφ2) (7.2.1)

The metric of a sphere is a mathematical function that describes the distances between
points on the sphere's surface. As this metric describes a 2D-surface sphere (like a
sphere of constant radius in a 4D spacetime), then the di�erential area element is given
by:

dA =
√

| det(gµν)|dθdϕ = α2 sin(θ)dθdϕ (7.2.2)

And it's actually a surface element because a sphere is a two-dimensional surface in
three-dimensional space. When we integrate this surface element, we obtain the area
described by the expression:

A =

∫ 2π

0

∫ π

0

α2 sin(θ)dθdϕ = 4πα2 (7.2.3)
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Which is the area of a sphere with radius α. We can also observe that this surface
is analogous to that of a projective plane P 2, a concept rarely addressed in standard
geometry.

7.3 Model of the Universe

In geometry, a sphere S2 can be easily visualized because we can embed it in our familiar
three-dimensional space R3. However, a projective plane, such as P 2, cannot be embed-
ded in the same way. The projective plane is a type of non-orientable surface, which
means it cannot be �attened out in three-dimensional space without self-intersection.
To visualize a projective plane, we need to use "immersion", a method where the surface
self-intersects along a set of self-intersections. This concept challenges our traditional
understanding of shapes and spaces.

Understanding higher-dimensional projective planes, like P 3 or P n, requires us to
abandon visual representations and embrace abstract thinking. This mental shift is
necessary to explore complex topological structures that extend beyond our dimensions.

For example, turning a sphere inside out is conceivable if we consider each strip
forming the meridians that cover it as being able to intersect through "immersion"
to form a two-sheeted covering of a Möbius strip with three half-twists ([41]). This
"self-intersection" e�ect is only linked to the immersion of this covering in our three-
dimensional representation space R3. We can then make the pole M of one sheet of this
sphere S2 coincide with the opposite pole M ′ of the other sheet of the same covering.
This is referred to as the "conjunction of antipodal points". This transformation allows
the arrows of time, carried by the meridians of this sphere, to meet but in opposition
on each sheet of the same covering as on the next Figure 7.1.

Figure 7.1: Turning a Sphere Inside Out by Conjoining Antipodal Points
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NB : The Möbius strip, or Möbius band, is a surface with only one side and one
edge. It is a classic mathematical object in topology, a branch of mathematics that
studies properties of spaces that remain invariant under continuous transformations.
The Möbius strip can be created by taking a strip of paper, giving it a half-twist, and
then joining the two ends of the strip together. This con�guration results in a surface
that, if you start drawing a line along it, will return to its starting point after having
traversed both "sides" of the strip without ever lifting your pen. What makes the
Möbius strip fascinating is its non-orientable nature. In a normal space, like a sheet of
paper, there is a clear distinction between "top" and "bottom". However, on a Möbius
strip, this distinction doesn't exist: as you traverse the surface, you seamlessly transi-
tion from top to bottom and back again. The Möbius strip is often used to illustrate
important concepts in topology and geometry, such as the idea of a one-sided surface
and the limits of our spatial intuition. In theoretical physics and cosmology, the Möbius
strip can also serve as a model to explore complex spatial structures and phenomena
such as the twisting of space-time or the connection between di�erent dimensions.

Thus, PT-symmetry can be interpreted as the traversal of a projective plane from
one sheet of the covering to the other (Figure 7.2).

Figure 7.2: P 2 Projective

For a geometric object to be equipped with a functional coordinate system, the non-
nullity of the determinant of its metric is then essential. Particularly, in the context
of "Gaussian coordinates", this principle is crucial. In a four-dimensional space, this
requirement enables the foliation of space by a set of three-dimensional hypersurfaces.
These hypersurfaces are "orthogonal" to the geodesics, meaning perpendicular to the
paths a freely moving object would follow, and are characterized solely by the time co-
ordinate. The distinction between the "arrow of time" and "proper time" is important
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here: the arrow of time refers to a unidirectional temporal dimension, while proper time
is a measure of time speci�c to the observer.

In the context of the two-dimensional spacetime we are examining, the foliation is
performed using a series of circles. Each point on these circles can be associated with
a "time vector", which is orthogonal to the circles. Orthogonality in this case means
that the time vector is positioned to be perpendicular to the surface of each circle, thus
forming a distinct temporal component of spacetime (7.3).

Figure 7.3: Illustration of the "Time Vector" Orthogonal to a Circle in a Family of
Circles Foliating a Sphere S2

Even in this case, this "object" has two singular points: its poles, where the azimuth
is unde�ned. These poles represent unavoidable "mesh singularities". There are two
of them because the Euler-Poincaré characteristic of this object equals 2. For instance,
if we consider a simple polyhedron like a tetrahedron to represent an approximation of
the sphere, which is a pyramid with a triangular base, its Euler-Poincaré characteristic
is 4 (vertices) - 6 (edges) + 4 (faces) = 2. The Euler-Poincaré characteristic of a sphere
Sn equals 2 if n is even and zero if n is odd (6.3.3).

From our viewpoint, the universe would be an S4 sphere with two singularities, the
Big Bang and the Big Crunch. A four-dimensional sphere S4 is an analog of a regular
sphere, extending the concept into higher dimensions. Considering this sphere with its
two poles, the Big Bang and the Big Crunch, it can be foliated by "parallels" (similar
to parallel circles on a 2D surface S2). This foliation process involves creating layers, or
"slices", through the sphere, which are analogous to the lines of latitude on Earth. The
past-future orientation then becomes uniform everywhere. In this context, the past-
future orientation refers to the direction of time from the Big Bang to the Big Crunch,
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which becomes consistent throughout this foliated structure. Relative to this normal
to the parallel surfaces, spacetime is orientable, meaning that there is a well-de�ned
notion of "up" and "down" in the spacetime structure.

However, by "folding" this surface (whether S2 or S4), we create a situation where
two parallels overlap. Folding in this sense means manipulating the structure of the
sphere in such a way that di�erent parts of the surface come into contact. Their time
vectors then become antiparallel or opposed, as mentioned earlier. The time vector is
a way of representing the direction of time at each point in spacetime. When these
vectors become antiparallel, it signi�es that the direction of time is reversed at the
points of contact. This leads to what we might call an "induced orientation". Induced
orientation here refers to the new orientation of time vectors that results from the fold-
ing process. At every point in this spacetime, structured as a two-sheeted covering of
a Möbius strip with three half-twists (two-folds cover), the "antipodal matter" (both
spatial and temporal) appears "retrochronal". A Möbius strip with three half-twists
is a one-sided surface that can be visualized by twisting a strip of paper three times
before joining the ends.

In Jean-Pierre Petit's article [51], he considers the interaction of the universe with
the gravitational �eld created by its antipode, assuming that the laws of interaction
are:

1. Ordinary masses attract each other according to Newton.

2. "Antipodal" masses attract each other according to Newton.

3. Ordinary masses and "antipodal" masses repel each other according to an "anti-
Newton" law.

This hypothesis led him to "fold" the universe by giving it the topology of a "two-
sheeted covering" of a 2D surface.

Thus "folded", the S2 sphere (closed surface) becomes the covering of another closed
surface, the Boy's surface, which has a single pole and whose Euler-Poincaré charac-
teristic equals 1 as on Figure 7.4. The Boy's surface1 is an unique 3D non-orientable
surface with only one face and one edge, featuring a singular point where all antipodal
points converge.

1The Boy's surface is an example of a non-orientable 3D surface with only one face and one edge.
It is intriguing because, unlike the classical sphere, it has a singular point where all antipodal points
converge. This means that if you start drawing a line on the Boy's surface, you will eventually return
to your starting point without ever having crossed an edge or used the other side, as there isn't one.
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Figure 7.4: The vicinity of the equator of a 2-Sphere and its location on a Boy's surface

At this point, the Big Bang and the Big Crunch "coincide".

A "tube" could then be envisioned in place of this polar singularity to connect these
two mesh singularities:

Figure 7.5: Boy's surface after Sphere S2 foliation and the K2 Klein bottle at the right

The singular nature disappears, and the object then becomes the covering of a K2

Klein bottle, a non-orientable surface without distinct boundaries or interior, whose
Euler-Poincaré characteristic is zero, as illustrated in the Figure 7.5. The Klein bottle
is another non-orientable surface that neither has a distinct boundary nor an inte-
rior. Imagine a Möbius strip whose edges are also joined together. Unlike the Boy's
surface, the Klein bottle cannot be realized in our three-dimensional space without
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self-intersection. Its interest lies in its topological behavior, where "inside" and "out-
side" are not separate concepts, thus o�ering a useful representation for certain ideas
in topology and theoretical cosmology.

I believe the limitations in theoretical physics and cosmology during the 1950s can
be attributed to the �eld's delay in embracing topology. Topology, the study of prop-
erties preserved through continuous deformations, could have provided new ways to
understand the fabric of the universe and its complex structures.
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Chapter 8

Alternative Interpretation of the
Supermassive Subcritical Objects M87
and Sagittarius A*

The �rst images of supermassive objects located at the centers of galaxies, published in
the Astrophysical Journal, have been predominantly interpreted as representations of
giant black holes. This interpretation is grounded in the lack of widely accepted alter-
native explanations. This study reexamines these images, particularly those of objects
at the center of the M87 galaxy and the Milky Way. It highlights the possibility of sub-
critical supermassive entities, with radius only 5.72% shorter than the Schwarzschild
radius calculated from their masses. We will also see that the central parts of these
entities are darkened due to the gravitational redshift e�ect, represented by z+1. This
redshift is calculated as the ratio of the wavelength of light received by a distant ob-
server to that emitted from the surface, corresponding to the ratio of the maximum to
minimum observed temperatures from the center to the edge of these objects, a value
remarkably close to 3. We'll explore the notion that their stability might result from
a balance between gravitational collapse, due to a physical criticality occurring long
before geometric criticality, and an extremely high radiative pressure at constant den-
sity emanating from their centers, proportional to the square of the speed of light - a
phenomenon initially considered by Karl Schwarzschild in his second paper published in
February 1916. Our analysis aims to enrich the understanding of supermassive objects
in galactic centers by proposing an alternative interpretation.

8.1 Introduction

The images of the two supermassive objects located at the center of the galaxies M87
and the Milky Way have sparked great media interest, being immediately dubbed "the
�rst images of giant black holes". These images were published in the prestigious Astro-
physical Journal (M87 [2] and Sagittarius A at the center of the Milky Way [3]). Below,
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a bar connects the color shade to what is referred to as the "brightness temperature":

Figure 8.1: Images of M87 and Sagittarius A objects

On this Figure 8.1, at the left, the �rst image of the object at the center of the M87
galaxy was published in 2019, showing minimal brightness temperatures of 1.8 billion
degrees and maximum temperatures of 5.7 billion degrees, with a ratio close to 3. Three
years later, in 2022, a second image at the right was published, showing minimal tem-
peratures of 4 billion degrees and maximum temperatures of 12 billion degrees, with
a ratio also close to 3. These two objects have vastly di�erent masses, with the �rst
being 1625 times more massive than the second. It seems peculiar that, under these cir-
cumstances, for both objects, a hot gas cloud in the foreground exhibits characteristics
such that the ratio of maximum to minimum temperatures is so close to 3 in both cases.

Two new images of the object at the center of galaxy M87 were published in the
journal Astronomy & Astrophysics on January 18, 2024 ([4]), and we can observe in
Figure 8.2 a di�erence in the ratio of maximum to minimum brightness temperatures.
On the new image from April 11, 2017, the ratio between the maximum and minimum
brightness temperatures gives an approximate value of 3.4 (5.8 × 109K divided by
1.7 × 109K). Conversely, the image on the right, taken almost a year later, shows an
approximate temperature ratio of 4.8 (8× 109K divided by 1.7× 109K).

Despite the fact that the most recent observation of M87 shows a temperature ratio
very di�erent from that calculated for the same object observed a year earlier, deter-
mining which of the two observations is more reliable requires thorough analysis. This
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Figure 8.2: New images of object M87 published on January 18, 2024.

discrepancy can be attributed to several factors, ranging from the collection of inter-
ferometric data to their subsequent processing. Indeed, these measurements depend
on the combination of signals from several radio telescopes spread over large distances.
Measurement errors, atmospheric variations, di�erences in instrument calibration, and
image reconstruction techniques can all contribute to the observed di�erences. Nonethe-
less, the common point among all these observations is that the central part of this
celestial object always exhibits a temperature exceeding 1 billion degrees Kelvin.

If the image of a third object at the center of a new galaxy led to a temperature
ratio close to 3, it would be prudent to question the true nature of these objects.

The �rst images of supermassive objects located at the center of galaxies were
associated with giant black holes, and the non-perfectly black central part seems to
be due to the light emanating from a disk of hot gas orbiting around the black hole.
However, as we will see later in this study, a neutron star can reach criticality in two
scenarios:

� Abruptly, involving the sudden collapse of a supermassive star onto its iron core
before transforming into a supernova.

� More gradually, in binary systems, a subcritical neutron star slowly accumulates
mass by absorbing gas emitted by a companion star through a "stellar wind".
The critical mass at which it could potentially undergo further transformation
depends on the equation of state of the matter inside the neutron star and can
vary. Typically, current models estimate that the critical mass required for fur-
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ther transformation is approximately within the range of 2 to 3 times the solar
mass, near the Tolman-Oppenheimer-Volko� limit.

The peculiarity of such a model is that the massive object must exhibit a bright-
ness temperature ratio of 3 between its corona and its center (maximum and minimum
temperatures). As we will demonstrate later, a more consistent alternative interpre-
tation would be to attribute the darkening of the central part of these objects to a
gravitational redshift e�ect, which slows down time near their horizon.

Indeed, a massive object curves the space-time around it, a�ecting the trajectory of
not only massive objects but also light. When a photon passes near such an object, its
path is bent due to this curvature of space-time, a phenomenon known as gravitational
lensing (See the �gure 3.4). However, it's not just the path of the photon that changes:
as it moves away from the massive object, the photon loses energy to escape the strong
gravitational �eld. This loss of energy results in a decrease in its frequency, which
extends its wavelength towards the red end of the light spectrum, a phenomenon known
as redshift.

To calculate the energy lost by a photon due to gravitational redshift, it is essential
to understand that a photon's energy is directly related to its frequency f through the
equation E = hf , where h is the Planck constant.

If we consider a photon emitted with a frequency fe and observed with a reduced
frequency fr due to gravitational redshift, the energy lost by the photon can be expressed
as the di�erence between the initial and �nal energies:

∆E = h(fe − fr) (8.1.1)

Using the relationship between frequency and wavelength (f = c
λ
), where c is the

speed of light, this equation can be rewritten in terms of wavelengths:

∆E = hc

(
1

λr

− 1

λe

)
(8.1.2)

And using the de�nition of redshift z = λr−λe

λe

, we can rearrange to obtain an ex-
pression in terms of z:

∆E = hc

(
1

λe(1 + z)
− 1

λe

)
(8.1.3)

∆E = −hc

λe

(
z

1 + z

)
(8.1.4)

This equation shows that the energy lost by a photon due to gravitational redshift
depends on the wavelength at which it was emitted and the value of the redshift z, with
the negative sign indicating a loss of energy.

This loss of energy is not merely apparent. For example, the cosmic microwave
background is the radiation that has undergone the greatest redshift, with a z factor of
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about 1,100, corresponding to a very low temperature and energy of around 3 Kelvin
(-270°C), much lower than the original energy (See the �gure 3.10).

It is also important to note that the very thin and collimated jets observed in the
vicinity of supermassive objects indicate the presence of a strong magnetic �eld that
opposes the collapse of the object by exerting intense magnetic pressure against gravity.
These objects, like neutron stars at their maximum mass, are subcritical, resulting in
a gravitational redshift e�ect limited to 3. This suggests that these objects might be
subcritical massive objects.

In science, when an observation does not match the theory, the theory is typically
questioned. However, in this very recent article published in the Astrophysical Journal
[39], researchers modi�ed the observations to align them with the black hole model.
They generated synthetic images of black holes by manipulating various parameters
such as mass, angular momentum, etc., and selecting the one that best matched the
observed data using the PRIMO software as on the Figure 8.3:

Figure 8.3: Synthetic image of the M87 black hole processed by PRIMO at the right
compared the original image at the left

The result was a con�rmation of the theory, but it raises questions about scienti�c
rigor and research objectivity.

8.2 Alternative Interpretation of the Phenomenon

There is an alternative interpretation which is to attribute this color variation from
the center to the edge to a gravitational redshift, with z = 2, leading to a wavelength
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elongation by a factor of 1 + z = 3. What can we say about such objects?

8.2.1 Comparison of Physical & Geometric Criticalities

In the section 6.1, we examined Schwarzschild's solutions to Einstein's equations, high-
lighting the Schwarzschild exterior metric and the corresponding interior metric for a
�uid of constant density ρo. These solutions were con�rmed by phenomena such as the
advance of Mercury's perihelion and the gravitational lensing phenomenon (Figure 3.4).
Karl Schwarzschild worked to ensure that the conditions governing these two metrics
were in accordance with physical reality.

In a scenario where the star's density, ρo, remains constant, a characteristic radius
r̂ can be de�ned. Indeed, if we consider the interior metric published by Schwarzschild
in his second article of February 1916 [69]:

ds2 =

(
3 cosχa − cosχ

2

)
dt2 − 3

κρ0

(
dχ2 + sin2 χdΘ2 + sin2 χ sin2ΘdΦ2

)
(8.2.1)

Schwarzschild considered the speed of light c to be equal to one. Thus, the expression
3

κρ0
should be written as 3c2

κρ0
. Then, K. Schwarzschild de�ned a constant κ as being

equal to 8πk2 "where k2 is Gauss' gravitational constant", which then allows him to
introduce the characteristic radius r̂2 that equals to 3

κρ0
and, which is also the radius

of the circle making up a part of the meridian of Flamm's surface ([45]). Thus, the
equation 8.2.1 leads us to:

ds2 =

(
3 cosχa − cosχ

2

)
dt2 − r̂2

(
dχ2 + sin2 χdΘ2 + sin2 χ sin2ΘdΦ2

)
(8.2.2)

Then, as K. Schwarzschild uses the angle χ to locate points inside the sphere, he
switches to the variable r by the application of the variable change r = r̂ sinχ, which al-
lows us to arrive at the modern form of the metric. Tolman provides a precise statement
in 1934 by giving the following ([77]):

ds2 =− dr2

1−
(
r2

r̂2

) − r2
(
dθ2 + sin2 θdϕ2

)
+

[
3

2

√
1−

(
r2n
r̂2

)
− 1

2

√
1−

(
r2

r̂2

)]2
c2dt2

(8.2.3)

Where rn is the radius of the star and r̂ is a stellar constant as a function of its
density ρo. Note that it formulates the order of the terms, in the metric, according to
the signature (−−−+) but retains the signs of the respective terms.
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Let us consider a stationary observer (dr = dθ = dϕ = 0) located inside a star. The
metric becomes:

ds = cdτ =

[
3

2

√
1−

(
r2n
r̂2

)
− 1

2

√
1−

(
r2

r̂2

)]
cdt = f(r)dt (8.2.4)

where τ is the proper time as seen by the stationary observer inside the star and
f(r) is the time factor.

Then, as seen on the section 6.1, when the time factor is null at the center of the
star, a physical criticality is reached before geometric criticality appears, when the star's
radius is only 5.72% less than the critical radius r̂ inferred from its density:

rn = Rcrϕ
=

√
8

9
r̂ =

√
c2

3πGρ0
(8.2.5)

8.2.2 Gravitational Redshift Near Physical Criticality

Next, the Schwarzschild solution was later taken up, in a di�erent form, by Tolman
([77]), Oppenheimer ([45]) and others ([1]), leading to the state equation, known as
Tolman�Oppenheimer�Volko� (TOV) equation, presented in its di�erential form:

dp

dr
= −ρc2 + p

r2

(
4πG

c4
pr3 +

Gm(r)

c2

)(
1− 2Gm(r)

c2r

)−1

(8.2.6)

Whose integrated value was given by Karl Schwarzschild a century earlier (see the
Figure 8.4), where in his second paper [69] published on February 1916, he describes
the geometry inside a sphere �lled with an incompressible �uid of constant density ρ0:

Figure 8.4: The pressure law obtained in 1916 by Karl Schwarzschild

In this formula, the speed of light is still adjusted to a unit value. Therefore, this
formula is equivalent to:

p = ρ0c
2

(
cosχ− cosχa

3 cosχa − cosχ

)
(8.2.7)
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Next, as seen in Section 8.2.1, K. Schwarzschild switched to the variable r by the
following simple variable change:

r = r̂ sinχ (8.2.8)

The pressure becomes zero at the star's surface for χ = χa with a radius given by:

ra = r̂ sinχa (8.2.9)

The center of the star corresponds to χ = 0, so the pressure becomes:

p = ρ0c
2

(
1− cosχa

3 cosχa − 1

)
(8.2.10)

This imposes a maximum limit on this radius for cosχa =
1
3
, meaning:

ra = Rcrϕ
= r̂

√
8

9
≈ 0, 9428r̂ (8.2.11)

However, if we consider the mass corresponding to a physical criticality:

Mcrϕ
=

4

3
πr̂3ρo (8.2.12)

and the one corresponding to a geometric criticality:

Mcrγ =
4

3
πr3aρo (8.2.13)

we obtain the following relation:

Mcrϕ
=

(
8

9

) 3
2

Mcrγ = 8.838Mcrγ = 2.5Msolar (8.2.14)

A value compatible with the masses of a few neutron stars that we have been able
to deduce directly from available observations and for which, Thorne, Wheeler, and
Misner have estimated in their book (page 611 of [76]) as the critical mass beyond
which the pressure escalates to in�nity as on the Figure 8.5.

Of course, we will never have images of neutron stars comparable to objects located
at the center of M87 and the Milky Way. So, let's calculate the gravitational redshift
e�ect z+1 corresponding to massive celestial bodies near this physical criticality. This
e�ect impacts the light emitted from their surface in a radial direction toward a distant
observer, who will perceive it with an increased wavelength λr. It's given by:

λr

λe

=
1√

1− Rs

ra

(8.2.15)
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Figure 8.5: Variation of the pressure inside a neutron star of constant density

However, in the core part, the geometric criticality radius is de�ned by the Schwarzschild
Radius which is:

Rs =
2GMcrγ

c2
=

2G

c2

(
4

3
πr3aρ0

)
=

8πGρ0
3c2

r3a =
r3a
r̂2

(8.2.16)

Then, the gravitational redshift will give:

λr

λe

=
1√

1− r2a
r̂2

=
1√

1− 2GM
rac2

=
1√
1− 8

9

= 3 (8.2.17)

This is precisely the value deduced from the ratio of maximum to minimum temper-
ature of the �rst two images of black holes located at the centers of the M87 galaxy and
the Milky Way. Thus, the images of these supermassive objects might also correspond
to subcritical entities, where the pressure at their center � de�ned as a density of energy
per unit volume � would be either in�nite or at least extremely high.
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8.2.3 Variation of Light Speed & Pressure in Constant Density

Plasmas

Now, let's consider a �uid (hydrogen plasma) with an assumed constant density. At a
temperature below 3000◦, the pressure inside it is given by:

p =
ρ0v

2

3
(8.2.18)

where v is the average thermal agitation speed of the particles composing the plasma
([16]). Thus, the reasoning that "if the pressure p tends to in�nity, then this velocity
should also tend to in�nity, which is in contradiction with a central principle of special
relativity, the "principle of causality", stating that no physical e�ect can propagate at a
speed v > c" ([76]), would lead to a physical aberration.

Nevertheless, in this region of space-time, the pressure within this plasma becomes
radiative:

pr =
ρ0c

2

3
(8.2.19)

If we consider increasing this radiative pressure at a constant density, it can only
be achieved by considering a variation of the speed of light in the medium, something
Karl Schwarzschild was the �rst to consider [69]:

Figure 8.6: Variation of the speed of light in a sphere of constant density

Thus, as he pointed out in his paper, the increase in the speed of light follows the
increase in pressure. What happens when this pressure rises, as does the value of the
speed of light ? Simple, it's clear according to Karl Schwarzschild (page 433 of [69])
that these two quantities become in�nite for cosχa =

1
3
, which is to be done for r = Rcrϕ

(8.2.11) as seen in Section 8.2.2.

We can deduce, according to Karl Schwarzschild study, that the stability of those
supermassive subcritical objects is due to the fact that the gravitational collapse, due
to the physical criticality occurring long before the geometric criticality, is compensated
by an extremely high radiative pressure at constant density coming from their centers,
proportional to the square of the speed of light.
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8.3 Conclusion

We have analyzed the images of supermassive objects located at the centers of galaxies,
which were initially presented in the Astrophysical Journal as the �rst images of giant
black holes. Through our comprehensive study, we propose an alternative interpre-
tation for these objects, which could correspond to supermassive subcritical entities,
exhibiting a maximum-to-minimum temperature ratio close to 3. Indeed, their radius
are only 5.72% shorter than the Schwarzschild lengths deduced from their masses. This
observation aligns well with the gravitational redshift e�ect, potentially characteristic
of neutron stars nearing a physical criticality, as suggested by Schwarzschild's inter-
nal geometric solution published in his second paper in February 1916. This solution,
largely unrecognized by most post-war cosmologists and not translated into English
until 1999, provides a unique lens to view these phenomena. By examining aspects
including pressure, the speed of light, and the time factor within these objects, we aim
to enrich the existing narrative on the complex astrophysical phenomena at the core of
galaxies. This includes an exploration of their stability, which may be maintained by a
balance between gravitational collapse, resulting from a physical criticality that occurs
long before geometric criticality, and the extremely high radiative pressure at constant
density in their centers, proportional to the square of the speed of light. The century-old
works of Karl Schwarzschild remind us that there are still mysteries to unravel within
well-established theories. The questions we raise, especially regarding the evolution of
the time factor and its profound implications for the concept of time itself, are crucial
and invite further inquiry. Should future observations con�rm our hypotheses, particu-
larly if an image of a third supermassive object is discovered with a similar temperature
ratio, it would encourage a reevaluation of some of our current astrophysical models.
Ultimately, the universe, in its vastness and complexity, continues to stimulate us in
our insatiable quest for knowledge.
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Chapter 9

Challenges & Debates

9.1 Challenges Encountered in Communication & Ac-

ceptance of the Model

In our journey to disseminate and validate the Janus Cosmological Model (JCM), we
encountered formidable challenges, particularly in the domain of scholarly publishing.
This section aims to detail these di�culties, shedding light on the inherent complexities
and biases present in the international mainstream publishing system.

One of the most signi�cant obstacles we faced was the process of peer review in
renowned journals. We found that the system, as it currently stands, is often rigid and
impervious to novel ideas, especially those that challenge the established foundations of
Physics and Cosmology. Our attempts to publish in prestigious journals such as Phys-
ical Review D, Modern Physics Letters A, Astrophysical Journal and Astrophysics and
Space Science, among others, were met with resistance and skepticism. This resistance
seems to stem not from a lack of scienti�c rigor on our part but from an overarching
tendency within the scienti�c community to maintain the status quo.

In our attempts to publish, we received answers that demonstrate the challenges
we faced. For instance, a letter from Dr. Ethan T. Vishniac, Editor-in-Chief of The
Astrophysical Journal, highlighted the unconventional nature of our work in the context
of their publication :

Dear Dr. Zejli,

I am writing to you with regard to your manuscript cited above, which you recently
submitted to The Astrophysical Journal.

I have read your manuscript and considered its appropriateness for publication in
our journal. Our journal specializes in manuscripts presenting new results on astro-
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nomical observations or theory applied directly to astrophysical systems. Unfortunately,
the subject matter of your manuscript, which deals with fundamental aspects of bimeric
relativity, falls well outside of the subject area of our Journals. Consequently, I regret
to inform you that we will be unable to publish your manuscript. Nevertheless, I o�er
you my best wishes in your future research.

The topic of this paper would be well within the scope of a journal specializing in
the phyiscs of gravity. As a general policy, I do not recommend speci�c journals. I will
onlly note that this manuscript is not well organzied as a research paper. The bulk of
the paper reviews previous work and the new results and their signi�cance are hard to
discern. There is, for example, no mention of either in the abstract.

Regards,
Ethan T. Vishniac
AAS Editor-in-Chief
Johns Hopkins University

Meaning that while our manuscript dealt with fundamental aspects of "bimeric rela-
tivity" (meaning bimetric), it did not align with the journal's focus on new astronomical
results and theories applied to astrophysical systems. This polite and informative an-
swer re�ects a general tendency to favor works that �t within the established framework
of scienti�c research.

In contrast, answers from Physical Review D were markedly more succinct, often
summarized by the phrase "Non suitable". This brief reply underscores the di�culty
in gaining acceptance for ideas that signi�cantly deviate from the existing paradigms
in theoretical physics and cosmology.

These interactions with leading journals underscore a signi�cant challenge in com-
municating new scienti�c theories: the need to align innovative work with the expec-
tations and established standards of scienti�c journals, while maintaining the integrity
and novelty of the research.

Furthermore, recent policy changes at arXiv, a prominent preprint repository, have
introduced an additional layer of complexity. The new requirement for submissions to
be initially published in a major peer-reviewed journal may appear paradoxical and
counterintuitive, particularly for pioneering research that might encounter initial resis-
tance in traditional forums. This shift in policy has signi�cantly impeded our capacity
to share preliminary �ndings promptly and engage with the broader scienti�c commu-
nity.

Despite these challenges, there have been glimmers of hope and recognition. Two
journals, the Russian-based Gravitation and Cosmology (Pleiades Publishing) and the
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German Astronomische Nachrichten, have shown a willingness to seriously consider our
work. Their engagement with our research, although not as extensive as we might have
hoped, is a positive step towards broader acceptance and understanding of the JCM.

In the following section, we will analyze the answers and reviews from these journals,
highlighting both the constructive feedback and the areas where the peer-review process
could be improved to accommodate innovative scienti�c theories.

9.2 Discussion on Criticisms & Provided Responses

During our e�ort to publish the Janus Cosmological Model, we faced signi�cant chal-
lenges, one of which was the prolonged review process by the Gravitation and Cosmology
journal. After eight months of persistent follow-ups, the journal �nally found a referee
to review our work. However, the outcome was not as we had hoped. Below is the
correspondence that encapsulates the essence of the challenges we faced.

Reply from Gravitation and Cosmology

Dear Dr. Zejli,
After numerous attempts, we have received a referee report on your paper GC23-019

'Nature of the Dipole Repeller'. Regretfully, the report contains a number of serious
critical remarks. In view of this report, we cannot accept your paper for publication in
our journal.

Yours sincerely,
Dr. Sergey V. Bolokhov
Editorial Board of Gravitation and Cosmology

REFEREE REPORT

The authors try to explain the pnenomenon of the so-called Dipole Repeller in the
framework of the "Janus cosmological model", which is in fact a kind of a bimetric the-
ory. The model itself contains some entities which are very unlikely to exist in nature,
such as particles with negative mass and photons with negative energy. To this end,
it is appropriate to recall that recent experiments showed that particles of antimatter
are subject of the same forces of gravity as matter particles of the same mass. This
makes the authors' assumption of negavite masses still more doubtful. Moreover, it
looks strange that the theory in question is invoked to explain just one phenomenon and
has no impact on other observed systems. A weak point of the paper is that it contains
only qualitative arguments without speci�c calculations taking into account the observed
parameters of the repeller.
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Our Answer to the Referee Report

Dear Dr. Sergey V. Bolokhov,
Thank you for forwarding the referee's report on our manuscript, "Nature of the

Dipole Repeller." We appreciate the time and e�ort invested in reviewing our work.
However, we believe there may be some misunderstandings regarding the core concepts
of our research, which we would like to clarify.

1. On Negative Mass and Antimatter: The referee's concern about negative masses
in light of recent experiments with antimatter highlights a fundamental aspect of our
model that may have been overlooked. The Janus cosmological model, which forms the
basis of our paper, predicts the existence of two distinct types of antimatter. The Type C
antimatter, akin to Dirac's antimatter produced in laboratories, responds to gravitational
forces similarly to ordinary matter. In contrast, the Type PT antimatter, corresponding
to Feynman's concept of negative mass, is proposed to exist at the centers of cosmic
voids, such as the Dipole Repeller. This type exerts an antigravitational e�ect, which is
a critical component of our model and is clearly detailed on page 10 of our manuscript.

2. Observational Con�rmations and Model Applications: Our model's validity ex-
tends beyond explaining the Dipole Repeller. It o�ers insights into various astronomical
phenomena, which the referee might have missed in our paper:

Galaxy Con�nement and Stability: Explained by lacunary spaces �lled with negative
masses.
Gravitational Lensing E�ects: The model accounts for gravitational lensing phenomena
around galaxies.
Universal Structure: Our theory proposes a lacunar structure of the universe �lled with
negative mass clusters, resembling interconnected soap bubbles.
Galaxy Rotation Curves and Gravitational Anomalies: We explain the �attening of ro-
tation curves and the unexpected acceleration of stars at galaxy borders.
Early Galaxy Formation: Supported by recent observations from the James Webb Tele-
scope, our model suggests simultaneous formation of galaxies in the universe's �rst 100
million years.
High-Redshift Galaxies: We address the dimmed luminosity of distant galaxies (redshift
> 7) due to the negative gravitational lensing e�ect of negative mass clusters.
Local Relativistic Veri�cations: The model aligns with phenomena like Mercury's peri-
helion precession and light deviation by the Sun.
Supernova Observations: The asymmetry between positive and negative mass popula-
tions correlates with observations of Type Ia supernovae.

3. Misinterpretation of the Model's Scope: Finally, the claim that our theory is
only invoked to explain a single phenomenon overlooks its broad applicative range. Our
model o�ers explanations for spiral galaxy structures, cosmic antimatter invisibility due
to negative energy photons, and the nature of the universe's invisible components, among
others.

We believe this additional information and clari�cation will help address the concerns
raised in the referee report. We are prepared to provide further details or revisions if
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necessary.
Thank you for considering our response, and we look forward to the opportunity to

contribute to the journal.
Yours sincerely

Unfortunately, following our detailed response addressing each of the referee's con-
cerns, we received no further communication. The editor and the referee seemed to have
withdrawn from the dialogue, illustrating the challenges and, at times, the seemingly in-
surmountable barriers faced in pioneering new scienti�c theories within the established
academic publishing framework.

Critical Analysis of Review by Astronomische Nachrichten

Our interactions with Astronomische Nachrichten also posed challenges but allowed for
a deeper exploration of a fundamental issue in the acceptance of new ideas in cosmology.
The sole referee, found after a two-month search, initiated a dialogue that shed light
on a pervasive problem: the reliance on established hypotheses by renowned physicists,
which subsequently shape and solidify the paradigms within which most cosmologists
operate.

The objective of our work is to provide an innovative geometric and cosmological
interpretation of the Schwarzschild exterior solution, based on two main hypothesis:

� Isotropy: Invariance under the action of SO(3)1.

� Stationarity: Independence of the metric terms with respect to the time coor-
dinate2.

The general solution, as originally described by Schwarzschild, is often presented
without proper justi�cation. Tolman noted in 1934 ([77]) that the most general form,
includes a crossed term in drdt. However, this term was later disregarded for con-
venience. This approach, including Schwarzschild's, has been followed by many re-
searchers, as studied in detail in Chapter 6.

The referee highlighted that the non-existence of such a crossed term stemmed from
the assumed symmetry hypotheses. We are accused of neglecting an essential symme-
try hypothesis: the solution should be invariant when t is changed to −t (as noted in
Wald's book [79], among others). Consequently, a solution with a drdt crossed term
would not satisfy this invariance condition, as changing t to −t alters the sign of the
crossed term. Yet, what is the physical basis for this symmetry assumption concerning
the time variable? None. It was neither mentioned by Schwarzschild nor by many of

1The group of 3D rotations and spatial translations.
2Invariance by time translation.
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his successors.

Indeed, the reasoning (if it can be called that) is based on the �black hole model�
centered around the �modern form�, where the crossed term is absent (6.3.1). This
is a purely mathematical hypothesis, meant to align not with tangible observational
realities but with the general belief in the existence of black holes. For cosmologists,
therefore, this assumption may seem �natural.�

Our experience withAstronomische Nachrichten illustrates how entrenched paradigms
can in�uence the reception of innovative ideas in cosmology, highlighting the need for
open-mindedness and reevaluation of fundamental assumptions in the light of new the-
oretical developments.

9.3 Attempt to Explain the Systematic Rejection of

New Ideas

We have recently drafted a detailed article on the symplectic structure of the Janus
Cosmological Model, the foundations of which were explained in chapter 5 of this book.
This article was then submitted to a renowned journal of mathematical physics. The
feedback from the main reviewer was notably positive, describing the content as very
innovative and deserving of publication, subject to some adjustments and a thorough
clari�cation of its physical implications.

Taking these recommendations into account, we meticulously revised the article,
providing the necessary clari�cations, before resubmitting it to the same journal. Al-
though publication is not yet con�rmed, the prospects are promising given the initial
interest and the detailed and constructive (�nally!) analysis of the reviewer.

This experience raises important points about the reception of new ideas in the
scienti�c �eld. Our article, having bene�ted from a careful and constructive exami-
nation by an expert in the �eld of mathematical physics, contrasts with the approach
of some journals such as Physical Review D. These often simply respond with a terse
"non suitable", without providing a detailed analysis. An examination of the editorial
committees of these journals reveals a predominance of specialists in string theory, but
a notable lack of mathematicians-geometers.

This situation illustrates the gap between mathematicians and some theoretical
physicists. This divergence recalls the de�nition given by Souriau of a "physics without
experience and a mathematics without rigor". Our experience with the submission
of this article highlights the inherent challenges in presenting innovative ideas in the
interconnected �elds of physics and mathematics, thereby underlining the need for
greater openness in academic evaluation.
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Conclusion & Discussions

By considering the principle of Occam's razor, which favors the simplest and most co-
herent theory with observational data, it is reasonable to argue that the Janus model
scores higher than the standard model. The Janus Cosmological Model provides a con-
sistent approach to explaining several astrophysical phenomena while o�ering a clear
interpretation of available observational data. On the other hand, the standard model
exhibits inconsistencies with observational data, requiring ad hoc constructions to ad-
dress these inconsistencies.

Indeed, the Janus model goes beyond just o�ering alternatives to phenomena usually
attributed to dark matter and dark energy, such as the acceleration of cosmic expan-
sion, the con�nement of galaxies, pronounced gravitational lensing e�ects, and the near-
homogeneity of the Cosmic Microwave Background (CMB), among others. It provides
detailed clari�cations on the nature and identity of the universe's invisible components.
The model resolves the paradox of the lack of observation of primordial antimatter and
o�ers an explanation for the dipole repeller, considering it as a conglomerate of nega-
tive mass. This perspective lends increased credibility to the Janus cosmological model
in establishing the large-scale structure of the universe, while explaining the reasons
behind the di�culty in detecting negative mass with optical observational instruments.
It also accounts for the low magnitude of astronomical objects with a redshift greater
than 7 and adheres to the principle of falsi�ability by stipulating speci�c observational
tests, such as the presence of negative mass conglomerates, with the dipole repeller as
a notable example. Additionally, it proposes an alternative mapping of the universe
based on a di�erent interpretation of the weak gravitational lensing e�ect.

Furthermore, the Janus model �nds con�rmation in the most recent observational
data, particularly those obtained from the James Webb Space Telescope, by predicting
the formation of galaxies in their current forms during the �rst 100 million years of the
Universe. Additionally, the structure of its dynamic group confers a CPT-symmetry to
its geometry for which a speci�c prediction made in 2017, was con�rmed in September
2023. This prediction concerns C-symmetric antimatter (charge symmetry), synthe-
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sized in the laboratory and emitting photons of positive energy, which, according to
observations, is subject to a downward gravitational attraction, just like ordinary mat-
ter.

It also opens up promising avenues of research in quantum mechanics, suggesting
that the integration of states of negative energy and mass could be crucial for the
quanti�cation of gravitation. The Janus model is in harmony with current observa-
tional data, presenting no major contradictions.

Throughout this book, we have delved into the complexities of the model, unravel-
ing its nuances and potential to shed light on the mysteries that have long perplexed
cosmologists and physicists.

This journey through the realms of advanced mathematics, theoretical physics, and
cosmology demonstrates the model's ability to challenge conventional perspectives and
o�er alternative explanations to phenomena that current models struggle to fully eluci-
date. The discussions and analyses presented aim to enrich the reader's understanding
and ignite a curiosity to further explore and question the boundaries of our scienti�c
knowledge.

I believe the limitations in theoretical physics and cosmology during the 1950s can
be attributed to the �eld's delay in embracing topology. Topology, the study of prop-
erties preserved through continuous deformations, could have provided new ways to
understand the fabric of the universe and its complex structures.

In conclusion, I hope that this book will not only serve as a comprehensive guide
to the model anchored in a strong theoretical foundation of general relativity, but also
inspire and motivate a new generation of thinkers to bravely explore the uncharted
territories of cosmology. May it foster a deeper appreciation for the intricate beauty of
our universe and the continual quest for understanding that drives us as scientists and
as human beings.

This model emerges as an essential and indispensable guiding light in Cosmology,
illuminating the path towards uncharted territories and novel prospects. This journey
is by no means nearing its conclusion. It continually encourages further research, but
above all, the making of new discoveries, which can be summed up by the famous
phrase by Charles De Gaulle: �Researchers who search, we �nd. Researchers who �nd,
we search for�.
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